ﬂ Given: 1) leng f(x)=L Prove: leng h(x)=L+M
. 2) |XILTC1 g(x)=M
3) h(x) = f(x)+g(x)

PROOF:
Let £ >0 choose ¢ =min(d,,0,) where 6, and ¢, are defined below using

givens 1) and 2). Since ¢ >0then %g >0 and as we were given lim f(x) =L there exists

by the definition of limit &, >0 such that

0<|x—¢c|<4, :>|f(x)—L|<%g. (1.1)

Similarly since %g >0 and as we were given limg(x) =M there exists by the

definition of limit &, > 0 such that

0<|x—c|<6, :>|g(x)—M|<%g (1.2)

Now as ¢ =min(d,,0,) then by definition of min

056, & 659,
and using(1.1) and (1.2) we have also
0<|x—c|<& :>|f(x)—L|<%g, (1.3)
and
0<|x—c|<& :>|g(x)—M|<%g. (1.4)

Now using (1.3) and (1.4) given 0<|x—c|< &

:>|f(x)—L|+|g(x)—M|<%g+%g
=|f(X)-L+g(x)-M|< e as [a-+b|<|a]+|b]
=|f(x)+g(x)-L-M|<¢

S[f(0)+9(x0)-(L+M)|< ¢

=[h(x)-(L+M)[<&  ( using third given)




Given: 1)limf(x)=L Prove: limh(x)=kL
0 2) ke R#0 (constant)
3) h(x) =kf (x)

PROOF:

Let £ >0 the choice of ¢ is defined below using given 1). Since & > 0then
ﬁ> 0 (note by second given k = 0) and as we were given lim f (x) = L there exists by
the definition of limit 6 >0 such that

0<|x—c|]<s = |f(x)—L|<ﬁ
=K |f()-L|<e
= [kf (x)—KL| < £ as |al[b| =[ab]
= |h(x)—kL|<e&  ( using third given)
SO
O<|x—c|<d =|h(x)-L|<e
Given: 1)k eR (constant) Prove: limh(x)=k
2) h(x) =k
PROOF:
Let £>0
=|0]<e
=k-k|l<e

= |h(x)—k|< & ( using third given)

so for ANY o6 >0 (pick your favorite positive number),
0<|x—c|<d = |h(x)-k|<e&

So the statement at the top is valid even when k=0 as lim0f(x)=lim0=0=0L

X—C X—C



Given: 1) leng f(x)=L Prove: leng h(x) = LM
3D 2) |XILTC1 g(x)=M
3) h(x) = f(x)g(x)

PROOF:
Let £ >0 choose ¢ =min(d,,5,,0;) where ¢,,0,, and ¢, are defined below

using givens 1) and 2). Since we are given leirg f(x)=L for 1> 0 there exists by the
definition of limit 6, >0 such that
O<|x—c|<d =|f(x)-L|<1
=-1<f(x)-L<1
=L-1<f(x)<L+1
=-|L|-1< f(x)<|L|+1 as—|L|<L<|L]
= —(IL[+1)< f(x)<|L]|+1

= |f(x)|<IL|+1,
SO
O<|x—c|<8, =|f(x)|<IL|+1. (1.5)
1
— &
Since &> 0then |L2| 1 >0 and as we were given limg(x) =M there exists by the
+ X—>C

definition of limit &, >0 such that

1
—&
2

0<|X—C|<52 :>|g(X)—M|<|L|+1 (1.6)

1
:>(|L|+1)|g(x)—M|<Eg
1

— &
Similarly since & > 0then |I\/|2| 1>0 and as we were given lim f(x) = L there exists by
+ X—C
the definition of limit &, >0 such that
1
— &
0<|x—c|<d, =|f(x)-L<-2
IM[+1 . (1.7)

= (M[+1)[f00-L<Ze

Now as ¢ =min(d,,9,, ;) then by definition of min
050, & 050, & <0,



and using (1.5),(1.6), and (1.7) we have also

O<|x—c|<s =|f(Q|<IL|+1, (1.8)
0<[x—c|<5 = (L +1)]g00-M|<z, (19)

and
0<|x—c|<5:»(|M|+1)|f(x)—L|<%g. (1.10)

Now using (1.9) and (1.10) given 0<|x—c|<&
1 1
= (IM[+)[f)-L] + (|L|+1)]g(x)-M]|< SEt ¢

=M T -L + (|L+1)]g()-M|< e as |M|<|M|+1
This further implies using (1.8)
=ML + [fX)||ax)-M|<e

= Mf(X)-ML| + |[f(x)g(x) - f()M|< e as [a||p+c|=|ac+ab|
= |Mf(X)-ML + f()g(x)—- f()M|< ¢ as |a-+h|<|a|+|b]
= |[f()g(x)-ML|< ¢

= |h(X)-ML|<e&  using given 3)




4 Given: 1)limg(x)=M Prove: Iingh(x):ﬁ -
0 2) M %0 ﬁ
3) hx)=——

g(x)

PROOF:
Let £ >0 choose & =min(d,,d,) where ¢, and o, are defined below using

M
givens 1) and 2). Since we are given limg(x)=M for % >0 there exists by the

definition of limit 6, >0 such that

0<|x—c|<sd, :>|g(x)—M|<|l2|

M
= Joeol-m<2 e [al-pp|<[a-t]
M M
= - <jg00)-m|< 2

:»|M|' <Joto|<m+ L2

IM] 3IM|
-] <|g(x)|< >

:>u<|g(x)|

:>L<i ifa,b>0and a<b then 1<1
l9(x)| M| b a
S0
2

1
900 " [M]

O<|x—c|<8, =>—— (1.11)

Since ¢ > 0then >0 (recall second given M #0) and as we were given

M e
2
limg(x) =M there exists by the definition of limit 5, >0 such that

Ml

0<|x—c|<5, =[g(x)-M|<

(1.12)

2
M[

2 1
=>——0(X)-M|<¢
] 200 M



Now as & =min(d,,d,) then by definition of min
059, & 6<9, ,
and using (1.11) and (1.12) we have also

0<|x—c|<&s :i<i, (1.13)
9| M|
and
2 1
0<|x-cC|<d = ——|g(x)—M|<e. (1.14)
Now using (1.13) and (1.14) given 0<|x—¢|< &
= i|g(x)—M|<g
M[[M|
1 1 2
= g(x)-M|<e as —— < —
ooy 20 90 M
1 1
= —-g(X)|<e as |a—bj=b-a
PO o-bl=b-4
= 2 [afo| =|ab
g(x)M
- M 9k |<g
geOM  g()M|
1 1
= | ———|<e
g(x) M
= h(x)—ﬁ«s using given 3)




