
1. Highlights of Important M266E Material

Position, Velocity, Acceleration:

X: original/undeformed configuration position vector (material coordinates)
x: current/deformed configuration position vector (spatial coordinates)
x(X): deformation field
x(X, t): motion
u = x− X: displacement field
x = X + u: alternate representation of deformation field in terms of displacement field
u(X, t): material description of displacement field
u(x, t): spatial description of displacement field

v(X, t) = ∂x(X,t)
∂t

= ∂u(X,t)
∂t

: material description of velocity field
v(x, t): spatial description of velocity field

a(X, t) = ∂v(X,t)
∂t

= ∂2x(X,t)
∂t2

= ∂2u(X,t)
∂t2

: material description of acceleration field

a(x, t) = Dv
Dt

= v̇ = ∂v(x,t)
∂t

+ (gradv)v = v′ + (v ⊗∇x)v: spatial description of acceleration
field in terms of spatial velocity field v(x, t) (Material Time Derivative)

Stretch, Deformation, and Strain Tensors:

I: Identity tensor
F = Gradx = x⊗∇X = I + Gradu(X, t): deformation gradient tensor (Jacobian)
F = RU = VR: polar decomposition
R: rotation tensor (orthogonal: RT = R−1)
U: right stretch tensor (symmetric: U = UT )
V: left stretch tensor (symmetric: V = VT )
C = FTF = U2 = I + Gradu + (Gradu)T + (Gradu)T (Gradu): right Cauchy-Green defor-
mation tensor (symmetric: C = CT )
B = FFT = V2 = I + Gradu + (Gradu)T + (Gradu)(Gradu)T : left Cauchy-Green deforma-
tion tensor (symmetric: B = BT )
γ = 1

2
(C − I) = 1

2
(Gradu + (Gradu)T + (Gradu)T (Gradu)): Lagrangian strain tensor (sym-

metric: γ = γT )
η = 1

2
(I − B−1): Eulerian strain tensor (symmetric: η = ηT )

E = 1
2
(Gradu + (Gradu)T ): linearized (infinitesimal) strain tensor for Linear Elastic Solids

(LES) (symmetric: E = ET ; In indicial (Cartesian) notation: Eij = 1
2
(ui,j +uj,i )). No

Material/spatial distinction.
D = 1

2
(gradv + (gradv)T ): Rate of Deformation Tensor (fluids–no linearization here!!)

(symmetric part of L)
W = 1

2
(gradv − (gradv)T): Spin Tensor (fluids–skew part of L)

L = gradv = v ⊗∇x: Spatial Velocity Gradient
Ḟ = Gradv = v ⊗∇X = DF

Dt
: Material Velocity Gradient

Gradw = (gradw)F: Relationship between Material Gradients and spatial gradients of vec-
tors in Material and spatial descriptions
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Eigenvalues and Invariants:
λ2

1, λ
2
2, λ

2
3: eigenvalues of B = V2 and C = U2

λ1, λ2, λ3: principal stretches, eigenvalues of V and U
J = detF = λ1λ2λ3: Jacobian determinant
I1 = trC = trB = λ2

1 + λ2
2 + λ2

3: 1st principal isotropic invariant
I2 = 1

2
(I2

1 − tr(C2)) = 1
2
(I2

1 − tr(B2)) = λ2
1λ

2
2 + λ2

2λ
2
3 + λ2

3λ
2
1: 2nd principal isotropic invariant

I3 = detC = detB = J2 = λ2
1λ

2
2λ

2
3: 3rd principal isotropic invariant

I2 = I3tr(C
−1) = I3tr(B

−1): alternate expression for 2nd principal isotropic invariant
i1 = trU = trV = λ1 + λ2 + λ3: 1st stretch tensor isotropic invariant
i2 = 1

2
(i21 − tr(U2)) = 1

2
(i21 − tr(V2)) = λ1λ2 + λ2λ3 + λ3λ1: 2nd stretch tensor isotropic

invariant
i3 = detV = detU = J = λ1λ2λ3: 3rd stretch tensor isotropic invariant

Incompressibility Constraints:
J = detF = 1: incompressibility constraint for nonlinearly elastic solids (NES)
trE = divu = 0: incompressibility constraint for linearly elastic solids (LES)
trD = divv = 0: incompressibility constraint for Newtonian viscous fluids (NVF)

Basic Material Models:
W : stored-energy density function per unit undeformed volume (material model)
W (I1, I2, I3) or W (i1, i2, i3): compressible isotropic material models for NES
W (I1, I2) or W (i1, i2): incompressible isotropic material models for NES
W = µ

2
(I1 − 3): neo-Hookean

W = c1(I1 − 3) + c2(I2 − 3): Mooney-Rivlin

W = µ
2
( I2

I3
+ 2I

1
2
3 − 5): Special Blatz-Ko

Stretch in any Direction/Change in Angles:

λ(M) =
√

M · (CM): stretch at X in direction with unit vector M in original configuration

λ−1(m) =
√

m · (B−1m): inverse of stretch at x in unit vector m direction in deformed
configuration

cos θ = M1 ·(CM2)
λ(M1)λ(M2)

: cosine of deformed angle between line elements (tangent vectors to curves

at a point x) that originally had unit vectors in the M1 and M2 directions in the original
configuration
cos θ = C12√

C11
√

C22
= 2γ12√

1+2γ11
√

1+2γ22
: cosine of deformed angle between line elements originally

in E1 and E2 directions in the original configuration
cos θ ≈ 2E12: linearized approximation to cosine of deformed angle between line elements
originally in E1 and E2 directions in the original configuration (similar for E1 and E3 and
E2 and E3 directions)

cosΘ = m1·(B−1m2)
λ−1(m1)λ−1(m2)

: cosine of original angle between line elements that in the deformed

configuration had unit vectors (tangent vectors to curves at a point x) in the m1 and m2

directions.
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Stress Tensors/Traction Vectors:

T: Cauchy stress tensor (symmetric: T = TT )
S = JF−1T: nominal stress tensor (not symmetric: S 6= ST )
ST = JTF−T : 1st Piola-Kirchhoff stress tensor
P = SF−T = JF−1TF−T : 2nd Piola-Kirchhoff stress tensor (symmetric: P = PT )
t(x) = TTn = Tn: traction vector, unit normal n is to deformed configuration surface
s(X) = STN: traction vector, unit normal N is to undeformed configuration surface

Tensor Components and Representation in terms of Basis Tensors:

Nominal Stress: S = SijEi ⊗ ej Components: Sij = Ei · Sej = STEi · ej = si · ej

Cauchy Stress: T = Tijei ⊗ ej Components: Tij = ei · Tej = TTei · ej = ti · ej

Deformation Gradient: F = Fijei ⊗Ej Components: Fij = ei · FEj

Deformation Tensors: B = FFT = Bijei ⊗ ej , C = FTF = CijEi ⊗ Ej

Components: Bij = ei · Bej , Cij = Ei · CEj

Equilibrium Equations (in the absence of body forces) and
Equations of Motion (including body forces) for a Continuum :

divT = 0 and divT + ρb = ρa
DivS = 0 and DivS + ρ0b0 = ρ0a

Linear Elastic Solid (LES) Governing equations: (no x vs. X distinction)
(Note: Below, ∇2u = div((gradu)T ) = ∆u, ∆ : Laplacian operator)

Compressible

Constitutive Equation: T = λ(trE)I + 2µE, λ = 2µ
1−2ν

, µ, ν : material constants.

Equations of Motion: µ∇2u + (λ + µ)grad(divu) + ρ0b = ρ0
∂2u
∂t2

.

Indicial Notation (i=1,2,3): µui,kk +(λ + µ)uk,ki +ρ0bi = ρ0
∂2ui

∂t2
(implied summation on k

from 1 to 3).

Incompressible:
Incompressibility Constraint: trE = divu = 0.
Constitutive Equation: T = −pI + 2µE, p : pressure, non − constant.
Equations of Motion: µ∇2u − gradp + ρ0b = ρ0

∂2u
∂t2

.

Indicial Notation (i=1,2,3): µui,kk +p,i +ρ0bi = ρ0
∂2ui

∂t2
(implied summation on k from 1 to 3).

Incompressible Newtonian Viscous Fluid (NVF) Governing equations:
(no linearizations!!) ∇2v = div((gradv)T ) = ∆v, ∆ : Laplacian operator)

Incompressibility Constraint: trD = divv = 0
Constitutive Equation: T = −pI + 2µD, p : pressure, non − constant.
Equations of Motion: µ∇2v − gradp + ρb = ρ0v̇, (v: spatial field ⇒ nonlinearity!).

So, equivalently: µ∇2v − gradp + ρb = ρ0(
∂v(x,t)

∂t
+ (gradv)v).
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Nonlinear Elastic Solid (NES) Constitutive Equations:

Compressible

T =
2

J
(
∂W

∂I3
I3I + (

∂W

∂I1
+

∂W

∂I2
I1)B − ∂W

∂I2
B2)

T =
2

J
(
∂W

∂I2

I2 +
∂W

∂I3

I3)I +
∂W

∂I1

B − ∂W

∂I2

I3B
−1)

S = 2(
∂W

∂I3
I3F

−1 + (
∂W

∂I1
+ I1

∂W

∂I2
)FT − ∂W

∂I2
CFT )

S = 2((
∂W

∂I2
I2 +

∂W

∂I3
I3)F

−1 +
∂W

∂I1
FT − ∂W

∂I2
I3C

−1F−1)

Incompressible:

Incompressibility Constraint : J ≡ detF = I
1
2
3 = 1

T = −pI + 2
∂W

∂I1

B − 2
∂W

∂I2

B−1, p(x) : unknown pressure

T = −pI + 2(
∂W

∂I1
+ I1

∂W

∂I2
)B− 2

∂W

∂I2
B2, p(x) : unknown pressure

S = −pF−1 + 2
∂W

∂I1
FT − 2

∂W

∂I2
C−1F−1, p(X) : unknown pressure

S = −pF−1 + 2(
∂W

∂I1
+ I1

∂W

∂I2
)FT − 2

∂W

∂I2
CFT , p(X) : unknown pressure

2. Deformation Gradient Tensor and NES Equilibrium Equations:
Rectangular Cartesian Coordinates

Let {X1,X2,X3} = {X,Y,Z} represent rectangular Cartesian Lagrangean (material) co-
ordinates with orthonormal basis vectors {E1,E2,E3} and origin 0, and let {x1, x2, x3} =
{x, y, z} represent the corresponding rectangular Cartesian Eulerian (spatial) coordinates
with orthonormal basis vectors {e1, e2, e3} and origin o.

Consider the completely general deformation field

x = x(X,Y,Z), y = y(X,Y,Z), z = z(X,Y,Z).
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The deformation gradient tensor referred to rectangular Cartesian coordinates is

[F] =




∂x
∂X

∂x
∂Y

∂x
∂Z

∂y
∂X

∂y
∂Y

∂y
∂Z

∂z
∂X

∂z
∂Y

∂z
∂Z




,

The nominal stress tensor, S = JF−1T and Cauchy stress tensor T have matrix represen-
tations (referred to each of their basis tensors)

[S] =



S11 S12 S13

S21 S22 S23

S31 S32 S33


 and [T] =



T11 T12 T13

T21 T22 T23

T31 T32 T33


 .

For the symmetric Cauchy stress tensor, the coordinate form of divT = 0 (where div
denotes the divergence with respect to (x, y, z), the deformed coordinates (dependent vari-
ables)), gives the equilibrium equations, in the absence of body forces as

T11,1 + T21,2 + T31,3 = 0,

T12,1 + T22,2 + T32,3 = 0,

T13,1 + T23,2 + T33,3 = 0.

The coordinate form of DivS = 0 (where Div denotes the divergence with respect to
(X,Y,Z), the undeformed coordinates (independent variables)), gives the equilibrium equa-
tions, in the absence of body forces as

S11,1 + S21,2 + S31,3 = 0,

S12,1 + S22,2 + S32,3 = 0,

S13,1 + S23,2 + S33,3 = 0.

where, in the above and subsequently, a comma denotes appropriate partial differentiation.
Recall that the Cauchy stress tensor is symmetric, while the nominal stress tensor is not!

3. Deformation Gradient Tensor and NES Equilibrium Equations:
Cylindrical Polar Coordinates

Introduce the cylindrical coordinates

{X1,X2,X3} = {R cos Θ, R sinΘ, Z}
and

{x1, x2, x3} = {r cos θ, r sin θ, z}
with corresponding orthonormal basis vectors

ER = cos ΘE1 + sinΘE2,

EΘ = − sinΘE1 + cosΘE2,

EZ = E3,
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and

er = cos θe1 + sin θe2,

eθ = − sin θe1 + cos θe2,

ez = e3,

for X and x respectively.

Consider the completely general deformation field

r = r(R,Θ, Z), θ = θ(R,Θ, Z), z = z(R,Θ, Z)

The deformation gradient tensor referred to cylindrical polar coordinates is

[F] =




∂r
∂R

1
R

∂r
∂Θ

∂r
∂Z

r ∂θ
∂R

r
R

∂θ
∂Θ

r ∂θ
∂Z

∂z
∂R

1
R

∂z
∂Θ

∂z
∂Z




,

The nominal stress tensor, S = JF−1T and Cauchy stress tensor T have matrix represen-
tations (referred to each of their basis tensors)

[S] =




SRr SRθ SRz

SΘr SΘθ SΘz

SZr SZθ SZz


 , and [T] =




Trr Trθ Trz

Tθr Tθθ Tθz

Tzr Tzθ Tzz




Recall that the Cauchy stress tensor is symmetric, while the nominal stress tensor is not!

The cylindrical polar coordinate form of divT = 0 (where div denotes the divergence with
respect to (r, θ, z), the deformed coordinates (dependent variables)), gives the equilibrium
equations, in the absence of body forces as

Trr,r +
1

r
Trθ,θ + Trz,z +

1

r
(Trr − Tθθ) = 0,

Trθ,r +
1

r
Tθθ,θ + Tθz,z +

2

r
Trθ = 0,

Trz,r +
1

r
Tθz,θ + Tzz,z +

1

r
Trz = 0.

The cylindrical polar coordinates form of DivS = 0 (where Div denotes the divergence
with respect to (R,Θ, Z), the undeformed coordinates (independent variables)), gives the
equilibrium equations, in the absence of body forces as

SRr,R
− θ,RSRθ − θ,ZSZθ + SZr,Z

+
1

R

[
SRr − θ,ΘSΘθ + SΘr,Θ

]
= 0,

SRθ,R
+ θ,RSRr + θ,ZSZr + SZθ,Z

+
1

R

[
SRθ + θ,ΘSΘr + SΘθ,Θ

]
= 0,

SRz,R
+ SZz,Z

+
1

R

[
SRz + SΘz,Θ

]
= 0.
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4. Deformation Gradient Tensor and NES Equilibrium Equations:
Spherical Polar Coordinates

Introduce the spherical coordinates

{X1,X2,X3} = {R sinΦ cos Θ, R sinΦ sin Θ, R cos Φ}

and

{x1, x2, x3} = {r sinϕ cos θ, r sinϕ sin θ, r cos ϕ}
with corresponding orthonormal basis vectors

ER = sinΦ cos ΘE1 + sinΦ sin ΘE2 + cos ΦE3,

EΘ = − sinΘE1 + cosΘE2,

EΦ = cos Φ cos ΘE1 + cos Φ sin ΘE2 − sinΦE3,

and

er = sinϕ cos θe1 + sin ϕ sin θe2 + cos ϕe3,

eθ = − sin θe1 + cos θe2,

eϕ = cosϕ cos θe1 + cosϕ sin θe2 − sinϕe3,

for X and x respectively.

Consider the completely general deformation field

r = r(R,Θ,Φ), θ = θ(R,Θ,Φ), ϕ = ϕ(R,Θ,Φ)

Note that in the above, r and R represent spherical radial variables (in the previous section,
r and R represent cylindrical polar radial variables).

The deformation gradient tensor referred to spherical polar coordinates is

[F] =




∂r
∂R

1
R sinΦ

∂r
∂Θ

1
R

∂r
∂Φ

r sin ϕ ∂θ
∂R

r sinϕ
R sinΦ

∂θ
∂Θ

r sinϕ
R

∂θ
∂Φ

r ∂ϕ
∂R

r
R sinΦ

∂ϕ
∂Θ

r
R

∂ϕ
∂Φ




,

The nominal stress tensor, S = JF−1T and Cauchy stress tensor T have matrix represen-
tations (referred to each of their basis tensors)

[S] =




SRr SRθ SRϕ

SΘr SΘθ SΘϕ

SΦr SΦθ SΦϕ


 and [T] =




Trr Trθ Trϕ

Tθr Tθθ Tθϕ

Tϕr Tϕθ Tϕϕ


 .

Recall that the Cauchy stress tensor is symmetric, while the nominal stress tensor is not!

The spherical polar coordinate form of divT = 0 (where div denotes the divergence with
respect to (r, θ, ϕ), the deformed coordinates (dependent variables)), gives the equilibrium
equations, in the absence of body forces as
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Trr,r +
2

r
Trr +

1

r
Trϕ,ϕ +

1

r sinϕ
Trθ,θ +

cot ϕ

r
Trϕ − 1

r
(Tϕϕ + Tθθ) = 0,

Trθ,r +
3

r
Trθ +

1

r
Tθϕ,ϕ +

1

r sin ϕ
Tθθ,θ +

2 cot ϕ

r
Tθϕ = 0,

Trϕ,r +
3

r
Trϕ +

1

r
Tϕϕ,ϕ +

1

r sin ϕ
Tθϕ,θ +

cotϕ

r
(Tϕϕ − Tθθ) = 0.

The spherical polar coordinates form of DivS = 0 (where Div denotes the divergence
with respect to (R,Θ,Φ), the undeformed coordinates (independent variables)), gives the
equilibrium equations, in the absence of body forces as

SRr,R − sinϕ θ,RSRθ − ϕ,RSRϕ +
1

R
[2SRr + cot ΦSΦr + SΦr,Φ − sin ϕ θ,ΦSΦθ − ϕ,ΦSΦϕ]

+
1

R sinΦ
[SΘr,Θ − sinϕ θ,ΘSΘθ − ϕ,ΘSΘϕ] = 0,

sinϕ θ,RSRr+SRθ,R+cos ϕ θ,RSRϕ+
1

R
[2SRθ + cot ΦSΦθ + sinϕ θ,ΦSΦr + SΦθ,Φ + cosϕ θ,ΦSΦϕ]

+
1

R sinΦ
[sin ϕ θ,ΘSΘr + SΘθ,Θ + cos ϕ θ,ΘSΘϕ] = 0,

ϕ,RSRr − cosϕ θ,RSRθ + SRϕ,R +
1

R
[2SRϕ + cotΦSΦϕ + ϕ,ΦSΦr − cos ϕ θ,ΦSΦθ + SΦϕ,Φ]

+
1

R sinΦ
[ϕ,ΘSΘr − cos ϕ θ,ΘSΘθ + SΘϕ,Θ ] = 0.


