1. HIGHLIGHTS OF IMPORTANT M266E MATERIAL

Position, Velocity, Acceleration:

X: original /undeformed configuration position vector (material coordinates)

x: current/deformed configuration position vector (spatial coordinates)

x(X): deformation field

x(X, t): motion

u = x — X: displacement field

x = X 4 u: alternate representation of deformation field in terms of displacement field

u(X,t): material description of displacement field
u(x, t): spatial description of displacement field
v(X,t) = aX(X b — 8“5;5 ): material description of velocity field
v(x,t): spatlal description of velocity field
a(X,t av(Xt 82’;(32( t) — 82‘(;(:2( ). material description of acceleration field
(x,t) = %‘t’ =V = w + (gradv)v = v/ + (v ® Vy)v: spatial description of acceleration

field in terms of spatial velocity field v(x,t) (Material Time Derivative)

Stretch, Deformation, and Strain Tensors:

I: Identity tensor
F = Gradx = x® Vx = I 4+ Gradu(X, t): deformation gradient tensor (Jacobian)
F = RU = VR: polar decomposition
R: rotation tensor (orthogonal: RT = R71)
U: right stretch tensor (symmetric: U = U7)
V: left stretch tensor (symmetric: V = VT)
C = FTF = U? =1 + Gradu + (Gradu)® + (Gradu)?(Gradu): right Cauchy-Green defor-
mation tensor (symmetric: C = CT)
B = FF! = V2 =1 + Gradu + (Gradu)? + (Gradu)(Gradu)?: left Cauchy-Green deforma-
tion tensor (symmetric: B = BT)
v = 3(C —1I) = {(Gradu + (Gradu)” + (Gradu)”(Gradu)): Lagrangian strain tensor (sym-
metric: v = ~7)
n= (I - B™'): Eulerian strain tensor (symmetric: n =n7)

= 2(Gradu + (Gradu)”): linearized (infinitesimal) strain tensor for Linear Elastic Solids
(LES) (symmetric: E = E”; In indicial (Cartesian) notation: Ej; = %(us,;4u;,;)). No
Material /spatial distinction.
D = ;(gradv + (gradv)”): Rate of Deformation Tensor (fluids—no linearization here!!)
(symmetric part of L)
W = 1(gradv — (gradv)”): Spin Tensor (fluids-skew part of L)
L = gradv = v ® V: Spatial Velocity Gradient
F = Gradv = v ® Vx = %: Material Velocity Gradient
Gradw = (gradw)F: Relationship between Material Gradients and spatial gradients of vec-
tors in Material and spatial descriptions
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Eigenvalues and Invariants:

A2 A2 )20 eigenvalues of B = V2 and C = U?

A1, A2, Ag: principal stretches, eigenvalues of V and U

J = detF = \; A2 )\3: Jacobian determinant

I = trC = trB = A\? 4+ \3 + A2: 1*' principal isotropic invariant

I, = (17 — tx(C?)) = (17 — tr(B?)) = A}A3 4+ A3A] + A3\ 27 principal isotropic invariant
I3 = detC = detB = J? = A2\2\2: 3¢ principal isotropic invariant

Iy = I3tr(C~1) = Istr(B~1): alternate expression for 2" principal isotropic invariant

11 = trU = tr'V = \; + Xy + \3: 1% stretch tensor isotropic invariant

ip = 3(if —tr(U?)) = 2(i7 — tr(V?)) = AAg + XAods + AsA: 2" stretch tensor isotropic
invariant

i3 = detV = detU = J = M\ M\ )\3: 37 stretch tensor isotropic invariant

Incompressibility Constraints:

J = detF = 1: incompressibility constraint for nonlinearly elastic solids (NES)
trE = divu = 0: incompressibility constraint for linearly elastic solids (LES)

trD = divv = 0: incompressibility constraint for Newtonian viscous fluids (NVF)

Basic Material Models:
W stored-energy density function per unit undeformed volume (material model)
W (I, I, I3) or W(iy,i2,43): compressible isotropic material models for NES
W (I, I3) or W (iy,1i2): incompressible isotropic material models for NES
W = £(I; — 3): neo-Hookean
W = ci1(1; — 3) + ca(I5 — 3): Mooney-Rivlin
1

W = %(% + 212 — 5): Special Blatz-Ko

Stretch in any Direction/Change in Angles:
A(M) = /M- (CM): stretch at X in direction with unit vector M in original configuration

Al(m) = y/m - (B~lm): inverse of stretch at x in unit vector m direction in deformed
configuration
cost = % cosine of deformed angle between line elements (tangent vectors to curves
at a point x) that originally had unit vectors in the M; and M, directions in the original
configuration

cost = \/C_Sljc_zz = 7 +2ﬁ;’31 0 cosine of deformed angle between line elements originally
in E; and E, directions in the original configuration

cost =~ 2F5: linearized approximation to cosine of deformed angle between line elements
originally in E; and E, directions in the original configuration (similar for E; and E3 and

E; and E; directions)

ml-(Bilmg) .
A= mp)A~ 1 (mg) "
configuration had unit vectors (tangent vectors to curves at a point x) in the m; and mjy
directions.

cos©® = cosine of original angle between line elements that in the deformed



Stress Tensors/Traction Vectors:

T: Cauchy stress tensor (symmetric: T = T7T)

S = JF'T: nominal stress tensor (not symmetric: S # ST)

ST = JTF-T: 1% Piola-Kirchhoff stress tensor

P =SF T = JFITFT: 27 Piola-Kirchhoff stress tensor (symmetric: P = P7)

t(x) = TTn = Tn: traction vector, unit normal n is to deformed configuration surface
s(X) = STN: traction vector, unit normal N is to undeformed configuration surface

Tensor Components and Representation in terms of Basis Tensors:

Nominal Stress: S = S;;E; ® e; Components: S;; =E;-Se; =STE; -e; =s; - e;
Cauchy Stress: T = Tjje; ® e; Components: T;; = e; - Te; = T e, - e =1t; e
Deformation Gradient: F = Fjje; ® E; Components: Fj; = e; - FE;

Deformation Tensors: B = FF! = Bije;®e; C=FTF = CiE; @ E;

Components: B, =e;-Be; , Cij = E; - CE;

Equilibrium Equations (in the absence of body forces) and
Equations of Motion (including body forces) for a Continuum :

divI =0 and divT + pb = pa
DivS =0 and DivS + pobo = poa

Linear Elastic Solid (LES) Governing equations: (no x vs. X distinction)
(Note: Below, V*u = div((gradu)?) = Au, A : Laplacian operator)

Compressible

Constitutive Equation: T = A(trE)I + 2uE, X\ = ligy, 1, v : material constants.

Equations of Motion: puV?u + (A + p)grad(divua) + pogb = po ;tQ
Indicial Notation (i=1,2,3): pu;,kx +(N + ) ug,ki +p0bi = po aat“; (implied summation on k
from 1 to 3).

Incompressible:

Incompressibility Constraint: trE = diva = 0.

Constitutive Equation: T = —plI + 2uE, p : pressure, non — constant.
Equations of Motion: uV?u — gradp + pob = ,00‘?;7;‘.

Ou; (implied summation on & from 1 to 3).

Indicial Notation (i=1,2,3): pui,kr +p,i +pobi = pops

Incompressible Newtonian Viscous Fluid (NVF) Governing equations:
(no linearizations!!) Vv = div((gradv)?) = Av, A : Laplacian operator)

Incompressibility Constraint: trD = divv =0

Constitutive Equation: T = —pI + 2uD, p : pressure, non — constant.

Equations of Motion: puV?v — gradp + pb = pgv, (v: spatial field = nonlinearity!).
So, equivalently: uV*v — gradp + pb = po(av(x 4 (gradv)v).
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Nonlinear Elastic Solid (NES) Constitutive Equations:

Compressible

T= %(g—lmglsl + (g—lml/ + Z—IM:II)B - ZTM:B?)

T = %(Z—IM:IQ + Z—Imglg)l + ngfB — Z_IM:J?)B—l)

S = 2(%%13F‘1 + (g—lml/ + Ilg—IM:)FT - Z—IM:CFT)

S = 2(((27”:12 + Z—IM;Ig)F—l + ZTMI/FT - aa—IM:Iy,C_lF‘l)
Incompressible:

1
Incompressibility Constraint : J =detF =15 =1

T =—pl+ 288—Iml/B — 288—IM:B_1, p(x) : unknown pressure

T =—pl + 2(88—Iml/ + Ilaa—IM:)B — Qaa—IM:BQ, p(x) : unknown pressure
S=_—pF '+ Qaa—IMfFT — Qaa—IM:C_lF_l, p(X) : unknown pressure
S=-—pF '+ 2(88—Iml/ + Ilaa—IM:)FT — 288—IM:CFT, p(X) : unknown pressure

2. DEFORMATION GRADIENT TENSOR AND NES EQUILIBRIUM EQUATIONS:
RECTANGULAR CARTESIAN COORDINATES

Let {X1, Xy, X3} = {X,Y, Z} represent rectangular Cartesian Lagrangean (material) co-
ordinates with orthonormal basis vectors {E;, Es, E3} and origin 0, and let {x, 29,23} =
{z,y, z} represent the corresponding rectangular Cartesian Eulerian (spatial) coordinates
with orthonormal basis vectors {e;, €3, e3} and origin o.

Consider the completely general deformation field

r=x(X,Y, 7)), y=y(X,Y,Z), z==zX,Y, 7).



The deformation gradient tensor referred to rectangular Cartesian coordinates is
0z dx O
oX 9y 0z

oy oy @
Fl=1ax av a7]

oX oY 07

The nominal stress tensor, S = JF T and Cauchy stress tensor T have matrix represen-
tations (referred to each of their basis tensors)

S Sz Sis Ty Tz Ti3
[S] = [S21 S Sa3 and [T] = |Tor T T3
S31 S32 Ss3 T31 T3 T3

For the symmetric Cauchy stress tensor, the coordinate form of divT = 0 (where div
denotes the divergence with respect to (z,y, z), the deformed coordinates (dependent vari-
ables)), gives the equilibrium equations, in the absence of body forces as

T, +To1,+T5,=0,
Tia, + T2, +T5, =0,
Ths, + To3, + T3, = 0.

The coordinate form of DivS = 0 (where Div denotes the divergence with respect to
(X,Y, Z), the undeformed coordinates (independent variables)), gives the equilibrium equa-
tions, in the absence of body forces as

S, +521,+ 531, =0,
Si2,, + S22, + 532, =0,
51371 + 52372 + 53373 =0.

where, in the above and subsequently, a comma denotes appropriate partial differentiation.
Recall that the Cauchy stress tensor is symmetric, while the nominal stress tensor is not!

3. DEFORMATION GRADIENT TENSOR AND NES EQUILIBRIUM EQUATIONS:
CYLINDRICAL POLAR COORDINATES

Introduce the cylindrical coordinates
{X1, X2, X3} ={Rcos®©, Rsin©, Z}
and
{z1, 29,23} = {rcosf,rsinb, z}

with corresponding orthonormal basis vectors

Er = cos OE; + sin OE,,

E¢ = —sin OE; + cos OE,,

Ez = Es,



and
e, = cosfle; + sin fes,
ey = —sinfe; + cos fe,,
€, = es,
for X and x respectively.
Consider the completely general deformation field

r=r(R,0,72), 0=0(R,0,Z), z=2zR,0,2)

The deformation gradient tensor referred to cylindrical polar coordinates is
or 1 0r or
OR R0® 02

Fl= |rd% 2 riZ|,

9: 10z 0z
OR R 0O 0z

The nominal stress tensor, S = JF~!'T and Cauchy stress tensor T have matrix represen-
tations (referred to each of their basis tensors)

SR?" SRG SRz Trr Tr@ Trz
[S] = |Ser Ses Se:|, and T] = |Tor Too T
SZ’!‘ SZG SZz Tzr Tz@ Tzz

Recall that the Cauchy stress tensor is symmetric, while the nominal stress tensor is not!

The cylindrical polar coordinate form of divT = 0 (where div denotes the divergence with
respect to (7,0, z), the deformed coordinates (dependent variables)), gives the equilibrium
equations, in the absence of body forces as

1 1
Trr,r + ;TTG,Q + Trz,z + ;(Trr - TGG) = 07

1 2
Tre, + ;Tee,e + 1., + ;Tre =0,

1 1
Trz,r + _T92,9 + Tzz,z + _Trz =0.
T T

The cylindrical polar coordinates form of DivS = 0 (where Div denotes the divergence
with respect to (R, O, Z), the undeformed coordinates (independent variables)), gives the
equilibrium equations, in the absence of body forces as

1
Srrp — 0 3Sre — 0,529 + Szr, + i) [SRT — 0,500 + S@r’(_):| =0,

1

SRG’R _I_ Q,RSRT‘ _I_ 97ZSZ7‘ _I_ SZG,Z ‘I— R

[Sro +6.5S0r + Sese] =0,

1

SRZ’R _I_ SZZ’Z _I_ R



4. DEFORMATION GRADIENT TENSOR AND NES EQUILIBRIUM EQUATIONS:
SPHERICAL POLAR COORDINATES

Introduce the spherical coordinates
{X1, X5, X3} = {Rsin®cos O, Rsin®sin O, Rcos ®}
and
{z1, 29,23} = {rsinpcosf, rsinpsinf,rcos p}
with corresponding orthonormal basis vectors
Er = sin ® cos OE; + sin ® sin OE, + cos PE3,
E¢ = —sin OE; + cos OE,,
E¢ = cos  cos OE; + cos ¢ sin OE; — sin PE5,
and
e, = sin ¢ cos fe; + sin p sin fe, + cos pes,
ey = —sinfe; + cosfe,,
e, = cos p cos fe; + cos psin fe; — sin pes,

for X and x respectively.

Consider the completely general deformation field
r=r(R,0,2), §=0R0,9), ¢=¢(R62)

Note that in the above, r and R represent spherical radial variables (in the previous section,
r and R represent cylindrical polar radial variables).

The deformation gradient tensor referred to spherical polar coordinates is

or 1o 1o

OR Rsin® 00 R 02

_ : 00  rsingp 99 rsing 90
Fl= |rsinggr mamsoe R o8|

roe r_9¢  r0p

OR Rsin® 0© R 0%

The nominal stress tensor, S = JF T and Cauchy stress tensor T have matrix represen-
tations (referred to each of their basis tensors)

SR?" SRG SRgo Trr TTG Trgo
[S] = S@T S@g 59%0 and [T] = TgT ng Tgw
S<I>7" S<I>9 S@go Tgor Tgo@ Tgogo

Recall that the Cauchy stress tensor is symmetric, while the nominal stress tensor is not!

The spherical polar coordinate form of divT = 0 (where div denotes the divergence with
respect to (7,0, ), the deformed coordinates (dependent variables)), gives the equilibrium
equations, in the absence of body forces as



2 1 1 cot ¢ 1
Trr _Trr _Tr %Tr —Tq« - — T T = 0,
’T+r +7’ g0"’_|_7’s1n<)0 o0t r v 7’( oo+ Tho)
3 1 1 2 cot
Tre, + =T+ —Te)gpw + — The,, + QPTQQO =0,
T T 7 sin ¢ T
3 1 1 cot ¢

TT@W ‘l‘ ;TTQO ‘l‘ ;T%OQOMP ‘l‘ 7T9§079 ‘l‘ T(T@@ - ng) - 0

7 sin ¢

The spherical polar coordinates form of DivS = 0 (where Div denotes the divergence
with respect to (R, O, ®), the undeformed coordinates (independent variables)), gives the
equilibrium equations, in the absence of body forces as

) 1 )
Skrp —Sing 0 . Srp — ©,,Skry + = 2SR, + cot PSe, + Sor, —sing 8, Seg — ¢ 5 S0,
1 )
—l—m [Sere —sing 6 ,Ses — ¢,650,] =0,

1
sing 6 ,Srr+Sre,,+c0s @ 97RSR¢—I—E 2SRy + cot PSap + sinp 0 , Ser + Sag,, +cosp 0 ,50,]
1

+Rsin<I>

[sin © 97(95@? + 5997(_) + cos 9795@0] =0,

1
©, . Srr — cos 0 ,Sro+ Srp + 7 2SRy + cot PSoy, + ©.0Ser — 08 @ 0 6Spo + Swp, 4]
1

—l—m [©.6Ser — cos ¢ 0 6Sep + Sey,,] = 0.



