Algebraic Structures I1 Definitions (updated 17 Feb 04)

Definition. A ring is a nonempty set R together with 2 binary operations
(usually denoted by addition and multiplication) such that
1. (R,+) is an abelian group.
2. Multiplication is associative.
3. Va,b,c € R, a(b+ ¢) = ab+ ac and (a + b)c = ac + be.
If, in addition,
4. Ya,b € R, ab = ba,
then R is a commutative ring. If
5. R contains a multiplicative identity, 1,
then R is a ring with 1 (or ring with identity or ring with unity).

Definition. A nonzero element « in a ring R is a zero divisor if there exists
a nonzero element b € R s.t. ab =0 or ba = 0.

Definition. An element v in a ring R is a unit if v has a multiplicative
inverse in R.

Definition. A commutative ring R with 1 # 0 and no zero divisors is an
integral domain.

Definition. A ring D with 1 # 0 in which every nonzero element is a unit
is a division ring (or skew field).

Definition. A field is a commutative division ring.

Definition. A function ¢ : R — S from a ring R to a ring S is a ring
homomorphism if Va,b € R,

¢(a+0b) = ¢(a) + ¢(b) and

¢(ab) = ¢(a)p(b).

Definition. The kernel of a ring homomorphism ¢ : R — S is



ker¢p ={a € R | ¢(a) = 0}.

Definition. Let R be a ring. If there is a positive integer n s.t. Va € R,
na = 0, then the least such positive integer is the characteristic of R. If no
such n exists, then R has characteristic 0.

Notation. char(R) = n.

Definition. Let F' C E be fields and o € E. The ring homomorphism ¢, :
F[z] — E given by p(x) — p(«) is called an evaluation homomorphism.

Division Algorithm. Let F' be a field and f,g € F[z] be nonzero poly-
nomials. Then there exist unique ¢, € F[z] such that f = ggq + r and
degr < degg.

Definition. Let F' be a field. A nonconstant polynomial f(z) € Fl[z] is
irreducible over F' (or irreducible in F[z]) if in any factorization f = gh
in Flz|, either g or h is a unit.

Eisenstein’s Criterion for Irreducibility. Let p be a prime and f(x) =
anx" + ap 12" 1+ ...+ a1+ ag € Zz]. If a, Z 0(modp), a; = 0 (mod p)
for i < n, and ag # 0 (mod p?), then f is irreducible over Q.

Definition. A subring N C R of a ring R is an ideal provided for all a € R,
aN C N and Na C N.

Definition. Let R be a ring, let X C R, and let {A; | i € I} be the family
of all ideals in R which contain X. Then m A; is the ideal generated by

il

X, denoted (X).

Definition. An ideal (x) generated by a single element is called a principal



ideal.

Definition. An ideal M # R in a ring R is maximal if for every ideal [
with M C I C R, either I = M or I = R.

Definition. Let R be a commutative ring, and P # R be an ideal. P is
prime provided for all a,b € R, if ab € P then either a € P or b € P.

Definition. The fields Z, and Q are called prime fields.

Definition. Let D be an integral domain, and a,b € D. Then a divides b,
written a | b, if 3¢ € D such that ac = b.

Definition. Let D be an integral domain. Two elements a,b € D are asso-
ciates in D if there exists a unit v € D such that a = bu.

Definition. Let D be an integral domain. A nonzero nonunit p is an irre-
ducible of D if in any factorization p = ab in D, either a or b is a unit.

Definition. Let D be an integral domain. A nonzero nonunit p is prime if
whenever p | ab, either p | a or p | b.

Definition. Let D be an integral domain. D is a unique factorization
domain (UFD) if the following two conditions are satisified:

1. Every nonzero nonunit in D can be factored into a product of a finite
number of irreducibles.

2. If p1...p. and q; ...qs are two factorizations of the same element of D
into irreducibles, then r = s and the ¢; can be renumbered to that the p; and
g; are associates.

Definition. Let D be an integral domain. D is a principal ideal domain



(PID) if every ideal in D is a principal ideal.

Definition. Let D be a UFD and f(z) = ap+a1x+...+a,z™ € D[z]. Then
f is primitive if the only common divisors of {ag, a1, ..., a,} are units of D.

Definition. Let D be an integral domain. A Euclidean valuation on D is
a function v : D — {0} — N satisfying the following:

1. Va,b € D with b # 0, d¢,r € D such that a = bq + r with either r = 0 or
v(r) < v(b).

2. VYa,b e D — {0}, v(a) < v(ab).

Definition. Let D be an integral domain. D is a Euclidean domain if
there exists a Euclidean valuation on D.

Definition. Let R be a commutative ring and X C R, X # (). An element
d € R is a greatest common divisor (gcd) of X if

(i) Va € X, d | a, and

(ii) if Va € X, ¢ | a, then ¢ | d.

Definition. A vector space V over a field F' consists of an abelian group
(V,+) together with an operation of scalar multiplication F' x V' — V such
that Va,b € F and Va,,3 € V,

l.aac eV

2. a(ba) = (ab)a

3. (a+b)a = aa + ba
4. a(la+ p) =aa+af
5. la =«

Definition. Let V' be a vector space over a field F', and let X C V. The span
of X consists of all (finite) linear combinations a,z; + asxs + . .. + a, Ty,
where x; € X and q; € F.



Definition. Let V' be a vector space over a field F, and let X C V. X
is a linearly independent set if for all distinct zq,xs,...,2, € X and all
a; € F,

a1r1 + asxs + ...+ apx, = 0= Vi,a;, = 0.

Definition. Let V be a vector space over a field F', and let X C V. X is a
basis for V over F'if X is a linearly independent spanning set for V.

Definition. Let V' be a vector space over a field F', and assume V' has a finite
basis over F'. Then the dimension of V over F'is the number of elements
in this basis. (Note: The number of elements in any basis of V' over F' is the
same.)

Definition. A field F is an extension field of a field F if F' is a subfield of
E.

Definition. Let F' < E be fields. An element o € E is algebraic over F
if there exists a nonzero f(x) € Flz| such that f(a) = 0. If no such f(x)
exists, then « is transcendental over F.

Definition. A monic polynomial is a polynomial whose leading coefficient
is 1.

Definition. Let F' < E be fields and o« € E be algebraic over F. Then
irr(a, F') is the unique monic polynomial in F[x] having « as a zero. The
degree of irr(«, F) is deg(a, F').

Definition. Let F' < E be fields. F is a simple extension of F'if da € F
such that F = F(«).

Definition. Let F' < E be fields. E' is an algebraic extension of F if every
element of F is algebraic over F.



Definition. Let F < E be fields. Then Fy = {a € E | « is algebraic over
F'} is the algebraic closure of F' in FE.

Definition. A field F' is algebraically closed if every nonconstant polyno-
mial in F[x] has a zero in F.

Definition. An element « of a field F' is an nth root of unity if o™ = 1.
It is a primitive nth root of unity if o =1 and o™ # 1 for 0 < m < n.

Definition. An isometry of R? is a bijection ¢ : R? — R? such that VP, Q €
R?, d(¢(P), ¢(Q)) = d(P, Q).

Definition. Let J be the group of isometries of R? and A C R2  Define
Ja={o€d | ¢(4) = A}.

Remark. J consists of translations, rotations, reflections, and glide reflec-
tions.

Definition. A discrete frieze is a pattern of the form Z x B C R?, where
B is a bounded set of diameter less than 1.

Definition. If A is a discrete frieze, then J4 is a discrete frieze group.
Definition. If F' < F are fields, then AutpE = {o € AutE | o|p= 1p}.
Notation. G(E/F) = AutpE.

Definition. Let E be an extension field of a field F, and let o, 0 € E. «
and (3 are conjugate over F if irr(a, F) = irr(8, F).

Definition. Let E be an extension field of a field F, and let o and ( be



conjugate over F, with deg(a, F') = n. The isomorphism ¢, g : Fi(or) — F(f)
given by (co +cra+ ...+ cp1a™ ) = co+eif+ ... +cy 137 is called a
conjugation isomorphism.

Definition. Let A C X and f: A — Y be a map in any category. Then a
map ¢g: X — Y extends f (or is an extension of f) if g|a= f.

Definition. Let E be a finite extension of the field F. Then the number of
extensions of any isomorphism o : F' — F” to E is the index of E over I,
{E: F}.

Definition. Let F' < K be fields and H < AutrpK. Then
v(H)={a€ K | Vo € H,o(a) = a} is the fixed field of H in K.

Note. If FF < E < K are fields, then
ANE) ={o € AutpK | Ya € E,o(a) = a} is a subgroup of AutpK. Note
that A\(E) = Autp K.



