AN EXACT SEQUENCE OF WEIGHTED NASH
COMPLEXES

LAURA TAALMAN

ABSTRACT. Given a three-dimensional complex algebraic variety with
isolated singular point and a sufficiently fine complete resolution of the
singularity, we can make a careful choice of hyperplane that allows us
to construct an exact sequence of weighted Nash complexes.

1. INTRODUCTION

Given a two-dimensional complex algebraic variety with isolated singular
point and a sufficiently fine resolution, Pardon and Stern constructed an exact
sequence of sheaves that expresses the Nash sheaf in terms of the resolution
data, and used this sequence to describe the cohomological Hodge structure
on the L2-cohomology of an algebraic surface in terms of local cohomology
groups obtained from a resolution of the surface [2]. In this paper we construct
a generalization of this exact sequence to the three-dimensional case. The
form of this generalized sequence suggests a possible further generalization to
n dimensions.

In Section 2 we will review the necessary basic notation and results of [3],
namely the existence of a complete resolution and of monomial generators for
the Nash sheaf. In Section 3 we use genericity and a theorem from Hironaka
[1] to make a careful choice of transverse hyperplane that will define the maps
of our exact sequence. In Section 4 we establish some further notation and
use the properties of the monomial generators of the Nash sheaf to construct
a local basis for a certain sheaf of logarithmic 1-forms. Finally, in Section 5 we
state and prove an exact sequence that relates the Nash sheaf to the resolution
data.

2. NOTATION AND PREVIOUS RESULTS

Throughout this paper, (V,v) represents a three-dimensional complex alge-
braic variety V with isolated singular point v, and U C V is a neighborhood of
v with an embedding (U, v) < (CV,0). Given a resolution 7: (U, E) — (U, v),
consider the following three sheaves: the sheaf-theoretic inverse image m of the
maximal ideal sheaf m,; the generalized Nash sheaf N on U ; and the second
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Fitting ideal F of the Nash sheaf. We say that 7 is a complete resolution if m
and F are locally principal and N is locally free over U. If the neighborhood
U is sufficiently small then such a complete resolution will exist (see [3]).

Given a complete resolution 7: (U, E) — (U,v), and a point e € E, let
W be an analytic neighborhood of e in U. Ifeisa triple point of F, then
we can choose coordinates {u,v,w} on W for which the components of the
exceptional divisor passing through e are Ey = {u = 0}, E2 = {v = 0} and
E5 = {w = 0}. Similarly, if e is a double point we can choose coordinates so
that Fy and E5 are given by the vanishing of v and v, and if e is a simple
point we can choose coordinates so that E; is given by the vanishing of u. In
each case we will call such coordinates divisor coordinates.

The following theorem from [3] shows that some choice of divisor coordi-
nates will define so-called monomial generators for the Nash sheaf.

Theorem 2.1. Given a complete resolution w: (U, E) — (U,v) of a three-
dimensional complex algebraic variety V with isolated singular point v, and a
point e € E with analytic neighborhood W € U, there exists a set of divisor
coordinates {u,v,w} on W so that the Nash sheaf N is locally generated by
the differentials d¢, di, dp of monomial functions of the form

¢ =um 0™ ) =M™, p = uPr P P
whose exponents {(my, ma, ms), (n1, n2,n3), (p1,p2,03)} are a Hsiang-Pati or-
dered set in the sense that:
(1) If e is a double point, then either ms = n3 =0 and ps = 1, or mg =
p3 = 0 and n3 = 1; and if e is a simple point, then ms = mz = 0,
no=1,p=0,n3 =0, and p3 = 1;
(2) 0 <my <ng <p forl=1,2,3if e is a triple point, for | = 1,2 if e
s a double point, or for 1 =1 if e is a simple point; and
mi1 ny1 p1 7,5 0

(3) ma N2 p2
m3 n3 p3
Moreover, we can assume that the functions ¢, ¥, and p in Theorem 2.1 are
Nash-minimal, in the sense that:
(4) ¢ is a generator for m(W); and
(5) d¢dip is a minimal element of A2N(W).

One consequence of Theorem 2.1 is that the exponents m;,n;, p; of the
Hsiang-Pati coordinates ¢, 1, and p give rise to three divisors supported on
E, denoted Z, N, and P, repsectively. We will refer to these divisors (and the
corresponding multiplicities) as resolution data, because they are invariants
of the resolution used.

3. A CAREFUL CHOICE OF HYPERPLANE

The two lemmas in Sections 3.1 and 3.2 we will show that, in a sufficiently
fine resolution, we can find a generic hyperplane that intersects the exceptional
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divisor transversely at simple points. In Section 3.3 we will show that such a
hyperplane will help us make certain choices for the monomial generators ¢,
1, and p referred to in Theorem 2.1. This careful choice of hyperplane will
enable us to construct the exact sequence in Section 5.

3.1. Finding a nice hyperplane. Given a resolution 7: (U, E) — (U,v),
and a hyperplane H € C", the proper transform H of H is the closure in U
of 7™ 1(H N (U — v)), and the total transform of H is simply =~ 1(H N U).
The following theorem allows us to generically choose a hyperplane with nice

properties.

Lemma 3.1. Suppose 7: ((7,E) — (U,v) is a complete resolution. A suffi-
ciently generic hyperplane H C C™ is nice, in the sense that:

(1) Hn (U —v) is smooth;

(2) HNU is reduced; and

(3) the total transform of H vanishes to minimum order along E.

Proof. Parts (1) and (2) follow from Lemma 1.1 in Teissier’s paper [4], which
states that in a small enough neighborhood of v, there exists an open, Zariski
dense set G C Gr(N —1, N) of hyperplanes in CV passing through v such that
for each H € G we have (H NU)sing = H N Using (and thus the singular set of
HN (U —w) is empty). In fact, the proof of Lemma 1.1 from [4] shows that a
generic H will meet U — v transversely.

Now let h: C™ — C be the linear function defining H. To prove part (3) it
suffices to show that there is some perturbation h' of h so that h’ o vanishes
to the minimum order along E. Since U is a complete resolution, 7*(m,)
is a locally principal sheaf of ideals on U ; let ¢ be the local generator. If
h vanishes to more than the order of ¢, we can write h o m = A¢ for some
holomorphic function A. Since ¢ is an element of 7*m,, there is an f € m,
with ¢ = 7*f = f ow. Note that since f is an element of the maximal ideal
for v, it defines a hyperplane passing through v. Now let A’ := h + €f; then

hWom=(h+ef)omr=(hom)+e(fom)=Ap+ep=(\+€)d.
Since A + € is a local unit, A’ vanishes to minimum order along E. O

3.2. Finding a transverse hyperplane. Given a complete resolution w
from ([7 , E) to (U,v) and a “nice” hyperplane H with proper transform H , We
would like to be able to say that E'U H is a divisor with normal crossings in
ﬁ, but this is not in general the case. However, we can find a finer resolution
over which this is true, with the following lemma.

Lemma 3.2. Suppose w: (U, E) — (U,v) is a complete resolution, and H C
C™ is a “nice” hyperplane in the sense of Lemma 3.1. Then there exists a
further resolution U of U in which the proper transform H is reduced and
meets E transversely at smooth points of H.
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We will prove Lemma 3.2 by putting our notation in the context of Hiron-
aka’s paper [1] and applying his Theorem Iév '™ This theorem involves per-
missible resolutions of resolution datum with open restriction; we will present
these concepts here only in the cases that we need. We start with the defi-
nition of a resolution datum (i.e. an object that we wish to resolve in some
fashion) on U (following Definition 3(I) from [1]).

Definition 3.3. A resolution datum on a dimension n space X is a triple
Ry™ = (D; V; W) where

(1) D is reduced and codimension 1 in X with normal crossings;

(2) V is a subvariety of X with V' D> W; and

(3) W is a reduced subvariety of X of dimension m.

We will also call a pair Ry

(1) and (3) above.

(D; W) a resolution datum if it satisfies conditions

n,n—1

Clearly the pair (E; H) is a resolution datum of type R} ik on U because E

is reduced and codimension 1 in U with normal crossings, and H is reduced

and dimension n — 1. We will denote R} simply by ? when convenient.
We now state what it means for such a datum to be resolved at a point of

W (see Definition 4(I) in [1]).
Definition 3.4. The datum R = (D; V; W) (and similarly, the datum R =
(D; W)) is said to be resolved at x € W if:

(1) x is a smooth point of W; and
(2) D has only normal crossings with W at «.

We define a datum with open restriction to be a resolution datum that is
resolved on a dense open subset (see Definition 5(I.2) of [1]) as follows.

Definition 3.5. Given a resolution datum R = (D; V; W) (similarly, a da-
tum (D; W)), a pair (R,Y) is a resolution datum with open restriction on X
if

(1) Y is a dense open subset of W; and

(2) P is resolved at every point of Y.

The pair ((E; H), H — - E) is a resolution datum with open restriction: the
subset H — E = H — (H NE)is open and dense in H since H is the Zariski
closure of H — E. The datum (E; H ) is resolved along all of H — E because
H is smooth away from F (by our careful choice of H), and E vacuously has
only normal crossings with H along H — E since EN (H E)=0.

Given a smooth, irreducible subset B C X, we say that a map f: X' — X
is the monoidal transformation with center B if it is the blowup of X along
the sheaf of ideals defining B. We now define (as in Definition 6 of [1]) what
is means for such a transformation to be permissible with respect to some
resolution datum.
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Definition 3.6. A monoidal transformation f: X’ — X with center B is
permissible for the resolution datum R = (D; V; W) (respectively (D; W)) if
(1) (D; VNW; B) (respectively (D; W; B)) is a resolution datum on X;
and
(2) the datum (D; VNW; B) (respectively (D; W; B)) is resolved every-
where, i.e. on all of B.

Such a monoidal transformation is permissible for a resolution datum with
open restriction (R, Y) if it is permissible for R as defined above, with B C Y.

In our case where ;& = (F; ﬁ), a monoidal transformation f: U’ — U with
center B is permissible if the triple (E; H; B) is a resolution datum (and
thus B is reduced and contained in H ) and F has only normal crossings with
B. If f with center B is permissible for the datum with open restriction
((E; H); H— E) then in addition we have B ¢ H— (H — E), i.e. BC HNE.

We now define what it means to pull back a resolution datum by a permis-
sible monoidal transformation f (as in Definition 7 of [1]). Given such an f,
define

D'= pty/(D),

V= ptx/(V),
W' = ptx,/(W),
where pty, (D) denotes the proper transform of D in X', et cetera, and
B' = ttx/(B)
Y' = ttx/(Y),

where ttx/(B) denotes the total transform (i.e. the inverse image f~!(B)) of
B in X’. We can now define the pullback of a resolution datum R by f as
follows.

Definition 3.7. Given a resolution datum R and a monoidal transformation
f as above (permissible with respect to i), the pullback of R by f is defined
to be the triple

*R):=(D'UB; V', W)
(simply omit the V' if R is a pair rather than a triple). The pullback of the

resolution datum with open restriction (R, Y') by such an f is defined to be
the pair

f*(m’ Y) = (f*(m)’ Y/)'
By the discussion following Definition 7 in [1], the pullback f*(R) is itself

a resolution datum (of the same type, i.e. the same dimensions) on X (as
long as B does not contain any irreducible components of W; in that case the
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dimension m may be smaller). Let us investigate what this means in our case,
where (R, V) = ((E; H), H — E). In this case we have

f*(E; H), H—E)=((E'UB'; H'), H — (E' UB')),

since Y = (H — E)) = f~Y(H — E) = H' — (E' U B’). The fact that this
is a resolution datum (with open restriction) means that E’ U B’ is reduced,
codimension 1 in U’ , and has normal crossings; and moreover, that H' is
reduced and dimension n — 1 (note that B cannot contain any irreducible
components of H because B C H N E).

Our final definition describes what it means for a series of monoidal trans-
formations to be permissible (following Definition 8 from [1]).

Definition 3.8. Given a resolution datum R on X, a series of monoidal
transformations f = {f;: X141 — Xi}o<i<s with centers B; on X; (where
Xo = X) is permissible if there exists, for 0 < i < s, a resolution datum 9R;
(with g = R) for X; such that:

(1) f; is permissible with respect to RR;; and

(2) Riv1 = f7(Re).
Given such a permissible series f: X’ — X of monoidal transformations (with
X' = X;), we will define the pullback f*(R) of R under f to be the final
resolution datum R;.

We can now state the theorem of Hironaka that we wish to apply (Theorem
IV in [1)).

Theorem 3.9. There exists a finite succession of monoidal transformations
f: X" — X which is permissible for the resolution datum with open restriction
(R, Y) such that the resolution datum f*(R) is resolved everywhere.

And now we can finally prove Lemma 3.2.

Proof. 1f (R, Y) = ((E; H), H — E), then Theorem 3.9 says that we can find
a series of monoidal transformations f: U — U (here U = U’ from the above),
with centers B; contained in E; N ﬁz at each level, so that in U, HU E is a
divisor with normal crossings and H is smooth (where H is H' = H, in the
notation above, and E is the union of the proper transform of E with the
total transforms of the centers B;). O

3.3. Using a generic hyperplane to choose a monomial generator.
The following theorem will allow us to use a generic hyperplane to define one
of the monomial functions ¢, ¥, or p that appear in Theorem 2.1.

Theorem 3.10. Suppose 7: (ﬁ,E) — (U,v) is a sufficiently fine complete
resolution and H C C™ is a “nice” hyperplane in the sense of Lemmas 3.1
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and 3.2. Let Z := Y . myE; be the divisor on E corresponding to the pull-

back 7*(my). If h is the linear function that defines H, and H is the proper
transform of H, then:

(1) div(honw)=Z + H;

(2) H meets E only at double or simple points of E;

(3) near a point e ¢ H we can choose ¢ to be hom;

(4) near a double point e € H N Ey N By we can choose Y to be hom.
(

5) near a simple point e € HN E, we can choose either 1 or p to be
hom.

w

Proof. Part (1) follows directly from Lemma 3.2, which ensures that HUEis a
divisor with normal crossings in ﬁ, and the fact that H is a “nice” hyperplane,
and thus that h o7 vanishes to minimum order along £.

Part (2) follows from Theorem 3.9, which guarantees that HUFE is a divisor
with normal crossings, and thus that we can choose h so that H misses the
triple points of E.

To prove part (3), suppose e is a point that is not contained in H ,and let W
be an analytic neighborhood of e in U. By part (1) we have hor = w1 v™2w™3
near e (at a triple point; at double or simple points simply set mq = 0 or
mo = mgz = 0, respectively), and thus ho 7w = ¢.

To prove part (4), suppose e € HNE N FEs is a double point contained in
H. By Lemma 3.2 and part (1) we can choose coordinates {u,v,w} on U so
that By = {u = 0}, By = {v = 0}, and H = {w = 0}; then by the definition
of my and my we have (after possibly rechoosing coordinates by multiplying
w by a local unit) h o7 = u™v™2w. There exists a perturbation g of h so
that g o m = Ju™v™2 near e, where ¢ is a local unit (this corresponds to
a hyperplane G C U that is shifted away from e, off of {w = 0}, but still
transverse to F). The exponents {ni,ns} and {p;,p2} are minimal in the
sense that we have either m; = p; and mo = ps, or m; = ny and mo = no.
Suppose first that we have m; = p; and ms = ps. Then since m; < ny < py
and mo < ny < po, we must have m; = n; and mo = ny. But we must also
have ming —mgong # 0, and thus we have a contradiction. Therefore we must
have mi = n1; and my = no, and thus hom = v v w = U™ v™2w = 1.

Finally, we prove part (5). Given a simple point e € H N E;, and an
analytic neighborhood W of e in 17, we can choose coordinates {u,v,w} on
W so that By = {u =0} and H = {v = 0} (by Lemma 3.2; then by part (1)
we have h o™ = u™wv near e. There exists a perturbation g of h so that
gom = 0u™ near e, where 0 is a local unit (this corresponds to a hyperplane
G C U that is shifted away from e, off of {v = 0}, but still transverse to E).
There also exists a perturbation f of h so that fon = 7u™! near e, where
T is a coordinate independent of u and v (this corresponds to a hyperplane
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F C U that is rotated off of {v = 0}, but still transverse to E). Rechoose
coordinates by

u o udYm
v v 0,
wo w;

with these coordinates we have hom = u™wv, gowr = u™, and fonm = 7'u™,
where 7/ is some coordinate independent of u and v. Finally, redefine w = 7/;
then fonm = v w. By minimality, we now have m; = n; = p; on this
component F7, and we can choose ¢ = gom, ¢» =hom, and p= forw. We
clearly could have also changed coordinates to have p = h o m. 0

4. THE LOGARITHMIC NASH FRAME

We first collect and extend our notation. Let w: (U,E) — (U,v) be a
sufficiently fine complete resolution, and let H C C™ be a “nice” hyperplane
in the sense of Theorem 3.10. Let W be an analytic neighborhood of e in
U, and choose divisor coordinates {u,v,w} on W so that ¢, 1, and p are
Hsiang-Pati coordinates as in Theorem 2.1. Let Z =5 m;E;, N = > n;Eq,
and P =) p;F; be the divisors that represent the resolution data.

At a triple point e € E1 N Ey N E3, we have

¢ =u"r M wms,
P =u" oM,
p= uP1ryP2qPs3 .

Similarly, at a double point e € F1 N Ey, we have either

¢ =u""v"?, ¢ =u""v"?,
n n n n

P =u"to"?, or P =u"v"w,

p= uProP2 p= uProP2

(When we have the situation on the left, we say that e is a case I double
point,and when we have the situation on the right, we say that e is a case IT
double point.) Finally, at a simple point e € Ey, we have

¢ =um,
= umo,
p = uPrw.

Suppose h is the linear function that defines the hyperplane H. We will
also denote the composition h o m by h, and abuse notation by denoting the
proper transform H simply by H. By Theorem 3.10, we have choose ¢, 1,
and p such that h = ¢ near any triple point, and h = v near any double
or sipmle point. Notice that near a double point e € E; N Ey; N H we have
my1 = ny and mg = ng, and thus Z = N. Similiarly, near a simple point
e € E1 N H we have Z = N = P (see [3]). Moreoever, since by Theorem 3.10
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we have div(h) = Z 4+ H (in our new notation), multiplication by h gives us
an isomorphism O(H) =~ O(—Z).

By Theorem 2.1, {d¢,di),dp} is a basis for the Nash sheaf Nz(W). The
sheaf O, (log E) has as its standard basis over W the logarithmic frame

du dv dw] .. . . )
—,—,— ¢, if e is a triple point;
U vow

du d
{u, v,dw} , if e is a double point;
U v

d
{u,dv, dw} , if e is a simple point.
U

To clarify the relationship between Nz (W) and Q4 (log E) (W) we will define
a logarithmic Nash frame for Qi (log E)(W). We begin by defining

Y, if e is a triple point,
P K2 if e is a “case I” double point,
V= Yw™!, ifeisa “case II” double point,
Yov~t, if e is a simple point;
P, if e is a triple point,
;o pw™!, if eis a “case I” double point,
r= 0, if e is a “case II” double point,
pw~!, if e is a simple point.

Note that under these definitions, ¢, ¥, and p’ are local defining functions
for the divisors Z, N, and P, respectively, regardless of whether the chosen
point e € E is a simple, double, or triple point. Now define the logarithmic
Nash frame to be

{1040 a0
o W)

Theorem 4.1. The logarithmic Nash frame is a basis for Qi (log E)(W).

Proof. We must show that every element of Q;}(log E)(W) (written in the
standard logarithmic frame) can be written in the logarithmic Nash frame.
In each case (triple point, double point, and simple point) we will do this by
calculating the transformation from the logarithmic frame to the logarithmic
Nash frame and then showing that this transformation has an inverse. As
usual all computations here take place over the analytic neighborhood W of
our chosen point e.
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Near a triple point e, we have

dp  dumovm2w™s) du dv dw
— = =m1— + My — +m3g —,
¢ uMLyM2qpm3 U v w
dyp  dumv™w™) du dv dw

- = =N1 — +Ng— + N3 —,

P’ un Y2 "3 U v w

dp _ d(uProP2wPs) dv dw

U
g Tuprears Py PR TR

In other words, the change of basis from the logarithmic to the logarithmic
Nash frame of Qi (log E)(W) is given by

mp MMz M3 d“/ U d¢/ o)
ny N2 N3 dv/ v = dw/ Y’
p1r P2 P3 dw /w dp/p’

By Theorem 2.1, we have

mp Mo M3
ny ng  nz|#O0,
pr P2 P3

and thus the change of basis matrix is invertible. Therefore the logarithmic
Nash frame is a local basis for Q};,(log E)(W).

The double point case is similar. The change of basis matrix for “case I”
double points is

mq mao 0
1 no 0 5
wpr wpe 1

while for “case II” double points we have

mq mso 0
wny wneg
o p2 0

[t

In either case, by Theorem 2.1 the matrix has nonzero determinant (since we
have either |} 72| # 0 or | ')t 52| # 0, respectively), and thus is invertible.
In the simple point case the change of basis matrix is

m1 0 0
vny 1 0
wpy 0 1

Since by Theorem 2.1 we have my # 0, this matrix has nonzero determinant
and is invertible. 0
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5. AN EXACT SEQUENCE OF WEIGHTED NASH COMPLEXES

In this paper we are considering resolutions of three-dimensional complex
algebraic varieties with isolated singular points. In the two-dimensional case,
Pardon and Stern construct an exact sequence of sheaves over U that ex-
presses the Nash sheaf in terms of the resolution data (see [2]). In this section
we develop a generalization of that exact sequence. The sequence here only
partially describes the Nash sheaf in terms of the resolution data Z, N, and
P (the problem is that the exact sequence also involves the second exterior
power of the Nash sheaf and is thus self-referential regarding the Nash sheaf).

5.1. The exact sequence. Suppose 7: (U,E) — (U,v) and H are as in
Theorem 3.10. We now define two weighted complexes of sheaves that will
enable us to build the short exact sequence that is the focus of this paper.

Definition 5.1. The weighted Nash complez is the complex of sheaves over
U whose kP level is given by

NF = NN ® O(Z — E),
with maps A% — A1 given by A4k,

Definition 5.2. The weighted log forms complez is the complex of sheaves
over U with k*® level

QF = QF(log E) @ O(—(k —1)Z — E),
with maps QF — QF+1 given by N

Notice that we can utilize the isomorphism O(—Z2) ~ O(H) to rewrite N
and QF as

NF = AN ® O(kZ + (k—1)H — E)
and
QF = QF(log E) © O((k — 1)H — E).
In this form it is more apparent that the maps /\d—}f1 are well-defined for these

complexes.

Theorem 5.3. There is a short exact sequence
0 — Ql/'/vl s 62/./\72 —» ﬁ3/ﬁ/‘3 — 0.

We will prove Theorem 5.3 in Section 5.2. The short exact sequence in
Theorem 5.3 is equivalent to the exact sequence in Theorem 5.4, which is a
3-dimensional generalization of the 2-dimensional sequence that appears in in
Proposition 3.20 of [2].
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Theorem 5.4. The ezact sequence in Theorem 5.3 is equivalent to the fol-
lowing ezxact sequence of sheaves on U

0 — N(Z—-E)S 2p0' (log B)
L (@008 E)/ o pr(az)) © O(-Z - E)
MA P Opin—2z(—2Z) — 0.

Proof. We first show that the sequence in Theorem 5.4 is equivalent to an
exact sequence that will enable us to use the generic hyperplane H discussed
in Section 3. Since O(H) ~ O(—Z) (by multiplication by h), we have

(QQ(logE)/A2 N(2Z)) ®0(-Z - E)

~Q(ogE)® O(=Z = E)/ o 97y 0 0(—7Z — E)

~IeQ(log E) ® O(H) / o N(2Z — E) @ O(H)-

The last term in the sequence above can be rewritten using the fact that
there is an isomorphism

MN~Po0(-Z—-N-P+E).

The proof that there is such an isomorphism is as follows. Let e € F be a point
with analytic neighborhood W C U. By Lemma 4 in [3] and the definition of
¢, 1, and p, near a triple point we can write the generator of ASN (W) as

do A dip A dp = ubvbiw® (pdu A dv A dw)

where d; = m; +n; +p; — 1 for [ = 4,5, k. The arguments for double and
simple points are similar.

Now using the isomorphism above, and the fact that Q3(log F) ~ Q3 ®
O(E), we have

02 ® ON+p—2z(—22)
~ P 00CH) @O/o—N - p_22)

3
~ Y @OCH) /93 o o - N - P +22)

~ I (logE) ® O(2H)/A3N(3Z ~B)® O2H):

Therefore, the sequence in Theorem 5.4 is equivalent to the sequence

05AN(Z—-E) < ZIgQ'(logE)

2 Ie@(ogE)8 OH) /2 nrog — B) & 0(H)

e IEQ3(1ogE)®(9(2H)//\3N(3Z_E)®O(2H) -0,
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which is clearly equivalent to the sequence of weighted Nash complexes in
Theorem 5.3. O

5.2. Proof of exactness. To prove that the sequence in Theorem 5.3 is
exact, we will prove that the equivalent sequence in expression (5.1) at the
end of the proof of Theorem 5.4 is exact.

Proof. The first parts of the proof are similar to the proof of the 2-dimensional
version that appears as Proposition 3.20 in [2]. We first show that we have
an injection

a: N(Z - E) — IgQ'(logE).
The following computation assumes we are at a triple point e of E; for the

double and simple point cases, simply replace uvw with uv or u, respectively.
Since the Nash sheaf N is generated by {d¢, d,dp}, we have

N(Z-E) = {(ad¢>+bd¢+cdp)-fya,b,ceo,feO(Z—E)}
= { d(fmzﬁwg (—E),
(5.2) ky € O(Z — N — E), ks € (’)(Z—P—E)}.

Since O(Z — P —FE) C O(Z—- N — E) C O(—E) =~ Ig (recall that P > N
since p; > n; for all 4, by Theorem 2.1), we have the desired injection «.

To define 3, we first define the map

B: Ig0'(log E) — ZpQ*(log E) © O(H)
by B(w) = w/\%. Take w € ZpQ(log E). Then w = k:1 +k:2 +k3 4o with
k; € O(—E). We need to show that 3(w) is actually in IEQQ(log E) ® O(H).
We do this locally, examining the three possible cases: e € F away from H,
e € E1NH is a simple point of £ on H, and e € F1 N FEsN H is a double point
of E On H (and necessarily a “case II” double point). By Theorem 3.10 we
know that div(how) = Z 4+ H (we will also write h = h o). Therefore away
from H, h = ¢; in this case we have
~ dh dodap dpdo
Blw)=wA — = —ko + k3 ;
) h Py’ p'e

this is clearly in ZgQ?(log E) since dﬁ}l}b and dp,‘ff are each nontrivial linear
combinations of dgg”, dZi“’, de“ (because the logarithmic Nash frame serves
as a basis for Qb(log E); see Section 4).

At a simple point of E contained in H, say e € E1 N H, we can choose
coordinates {u,v,w} so that By = {u = 0} and H = {v = 0}. Since m; =
n; = p; on components E; that intersect H, up to unit we have

h=u"v=u"v =1Yv=1.
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In such a case we have
~ dh ki ded ks dyd,
Bw)=wn Bl pdy k3 dyp P
v e v o
which is clearly in ZpQ?(log E) @ O(H).

Finally, at a double point of E contained in H, e € E1 N Es N H, we can
choose coordinates {u, v, w} centered at e so that £y = {u = 0}, Ex = {v =
0}, and H = {w = 0}. Since m; = n, and m; = n; in such a case (see
Theorem 3.10), and div(h) = Z + H, we have (up to unit)

h=u"v™w=u""v"w =y = ¢P'w.
Thus E(w) is given in this case by

~ dh ki dody ks diypdp
Blw)=wAh—=— - — ,
R wew w v
which as above is clearly an element of ZpQ?(log F) @ O(H).
Since O(H) ~ O away from H, and O(H) is generated by v~ (respectively
w~t) near a point e in the simple (respectively double) point case near H,
the computations above show that w A 4 is always in ZgQ?(log E) ® O(H).

We will define 3 to the the composition of the map E with the projection
150 (log B) © O(H) L Te(og E) S O(H) /10 \rio7 1y & 0(H):

however, first we must show that this projection is well-defined; i.e. we must
show that N2 N (2Z — E) @ O(H) is a subset of ZpQ?(log E) ® O(H). (The
following computation assumes we are at a triple point e of F; for the double
and simple point cases, simply replace uvw with uv or u, respectively.)

NN((2Z —E)® O(H)
— {(ad¢d¢+bd¢dp+cdpd¢) .g-r|abceO,
ge0O2Z—-E), re O(H)}

dodiyp dydp dpde
{Ar e —|—Br¢/p/+0rp/¢ ‘AE(’)(Z—N—E),
(5.3) BeO(ZZ—N—P—E),CEO(Z—P—E),re(’)(H)}

Since O(2Z—-N—-P—-E)CcO(Z—-P—-—FE)CO(Z—N—-E)=IpO(Z—N),
we see from the above computation that

NRN2Z—-E)® OH) C IpQ*(logE) ® O(Z — N + H).
Moreover, since O(Z — N) C O, we have shown that 22 N (2Z — E)®@ O(H) is
contained in ZpQ?(log E)® O(H). Thus the projection p is well-defined, and
we can define §:=po .
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Now we show that the sequence is exact at ZpQ!(log E), in other words,
that ker(8) = im(a). Let w = kl% + kg%,p + kg% be any element of
IO (log E). We have

weker(f) <« B(w)eIpN(logE)® O(H),
weim(a) < w eN(Z-E).

Let us first handle the case where we are away from H. Looking back on
our computation of AN (2Z — E) ® O(H) in (5.3), where 7 is now equal to
1, we see that w € ker(() if and only if —k; = A € O(Z — N — E) and
ks = C € O(Z — P — E). Comparing this with our computation of N(Z — E)
in (5.2), it is clear that this is precisely the condition we need in order to have
weN(Z-E),ie we€im(a).

Near H, say at a simple point e € F1 N H, we have Z = N = P. We
see that w € ker(f) if and only if &y = A € O(Z — N — FE) ~ O(—FE) and
—ks =B € O(2Z—-N—-P—FE)~ O(—E). Note that since Z = N = P,
ks and ks are a prioriin O(Z — N — E) = O(—E); thus we have exactly the
conditions we need in order to have w € im(«).

Likewise, at a double point of E contained in H, we have Z = N. Now
w € ker(p) if and only if by = A€ O(Z — N — E) = O(—F) and —ks = B €
0O(2Z - N—-P—-FE)~ O(Z—- P — E). Looking back at (5.2) we wee that
these conditions imply that w € N (Z — E) We have now shown that, in all
cases, the sequence is exact at ZpQ!(log ).

As a first step towards defining v, we define the map

7: I (logE) ® O(H) — TpQ3(log F) @ O(2H)

by 3(r) = 7 A4 Take 7 € ZpQ*(log E) @ O(H). Then 7 = Ardfﬁf/’ +

Brip% + Cri22, with A,B,C € O(=E) and r € O(H). We will first

show that the map 7 is well-defined, i.e. that 5(7) is in fact an element of
Ip3(log E) ® O(2H). Away from H (so r = 1), we have h = ¢, and thus

~ dh dodipdp
r) = & = p A,
which is in ZpQ3(log E) @ O(2H) since diifpp‘%p is a nowhere-vanishing multiple

of dudvdw and O(H) ~ O away from H.
Near a simple point e € E; contained in H, we have (up to unit) h =
1 = ¢'v (where as above we have chosen coordinates {u,v,w} for U so that
Ey ={u=0} and H = {v =0}), and thus
() =7 a St T 000
h v oy

which is clearly in ZgQ3(log E) ® O(2H) since r and < are in O(H).
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Near a double point e € E; N Es N H, up to unit we have h = ¢ = ¢’w (in
appropriate coordinates). In this case we have
3(r) = 7 A dh _ Cr dodipdp
B
which is an element of ZpQ?(log E) ® O(2H). Thus in all cases we have shown
that 7 is well-defined.

As a further step towards defining vy, we will show that we have a well-
defined projection

Te(log B) ® O2H) 2» Ie*(logE) @ O(QH)/A?’/\/(SZ _ E)® OQ2H)-

It suffices to prove that we have an injection of X N'(3Z — E) ® O(2H) into
Ip3(log E) ® O(2H). (Once again, we assume we are at a triple point e of
E; for the double and simple point cases, simply replace uvw with uv or wu,
respectively.)

NRN(BZ—-FE)®O(2H)

{(ad¢dwdp) S fer? ’ a€OBZ—-E), re (’)(H)}

- {Kerd)dwdp ] KecO@2Z-P-N-E), re O(H)}
oP'p’
(5.4) = IpN(logE)® O(2Z — P — N +2H).
Since O(2Z — N — P) ~ O(Z — N)® O(Z — P) C O, we have NN (3Z —
E) ® O(2H) as a subsheaf of ZpQ3(log E) ® O(2H), and the projection p is
well-defined.
We will define the map ~ using the maps 7, p, and p via the diagram

Tp(og B) © O(H) L»  IeX(og )9 OUH) /2 o7 gy o 0(H)

d ~ |

TN (logE) ® O(2H) X I (log B) ® O(2H)//\3N(3Z — F)® O(2H)
In other words, given

_ 2
7e Lo (log E)2 O(H) ) 2\ — ) o O(H):
with representative 7 € ZpQ?(log E) ® O(H), p(t) = 7, we define v(7) =
p(7(7)). This is well-defined because the restriction of ¥ to A2 N'(2Z — E) ®
O(H) maps into ¥ N (3Z — E) ® O(2H); if

dody dydp dpd¢

T=Ar + Br +Cr

oy’ Y'p! p'o
is an element of XN (2Z — E) ® O(H), then we have A € O(Z — N — E),
BeO@2Z—-N-P—-E),CeOZ-P-E),and r € O(H). Looking at
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computations the computations above, it is clear that in this case we have
(1) e NN(3Z — E) ® O(2H).

The map v is surjective because the map 7 is: given 7 € ZTgQ?(log E) ®
O(H) as above, we can choose B (if away from H) or C (if near H) in the
coefficients of 7 so that (7) hits any specified element of ZpQ3(log F) ®
O(2H).

It now remains only to prove that ker(y) = im(3). It is easy to show that
im(B) C ker(y); given w in ZpQ!(log E) we must show that v(3(w)) = 0, i.e.
that 17(5(5(@)) = 0. We have

PG = F(enfaft) = 50 = 0
To show that ker(y) C im(f3), take 7 = [r] with 7 in ZgQ?(log E) ® O(H).

If 7 € ker(y), then 7 must be in ker(po7); that is to say, ¥(7) is contained in
NN(3Z - FE)® O(2H). Suppose

dodep didp ., dpdo

oy’ Y'p! p'e

(a priori A, B, and C are in O(—FE), and r € O(H)). Away from H we
have h = ¢ (and r = 1 in 7), and we see that if 7 € ker(p o 7), then B €
O(2Z - N —P—E). To show that 7 € im(/3), we must show that there exists
an w € IEﬂl(log E) so that 7= Bw) = p(B(w)), i.e. p(r) = p(B(w)). Choose
w = k1 + kg b4 kg de ra with ks = —A and k3 = C; then we have

~ dody dpde
— A .
p(B(w)) p< o +C Vo )

On the other hand, since B € O(2Z — N — P — E), we have

p(r) = p (A dody | pdvdp d”d‘b) —p (A dody | dpd¢> .
ity v'p! P ol p'o
Thus we have shown that, away from H, ker(vy) C im(0).

At a simple point e € Ey N H near H we have coordinates {u,v,w} in
an analytic neighborhood of e so that £y = {u = 0}, H = {v = 0}, and
h =1 = ¢'v (recall that Z = N = P on components E; that intersect
H). We sce that if 7 € ker(po7), then C € O(Z — P — E) = O(—E).
Again we must ﬁnd an w € IpM(logE) so that p(r) = p(B(w)); choose
w= kl + kz ? + ks % 40 with k; = A and k3 = —B. Then we have

~ A dod B dyd
pw(w)):p(v oI,

On the other hand, since C € O(Z — P — E) = O(—FE) we have

dody , didp dpdo dbelab dirdp
P(7) p( our BT T p/¢> p( "o TP «/ﬂp’)

T=Ar
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Since r = L this shows that p(r) = p(B(w)), and thus we have shown that,
near a simple point of E contained in H, ker(y) C im(0).

Finally, let e € E1 N E2 N H be a double point of E that is contained in
H. With coordinates {u, v, w} about e wo that E; = {u = 0}, Es = {v =0},
and H = {w = 0}, we have h =t = ¢)’w. Moreover, Z = N on this analytic
neighborhood of e. It is evident that if 7 € ker(po7), then C € O(Z—-P—E).
Once more we wish to find an element w of ZpQ!(log E) with the property
that p(7) = p(3(w)). As above, choose w = kzl% + kg%’ + kg%’,) with k1 = A
and k3 = —B. Then we have

- Adedy B dipdp
p(ﬂ(w)) _p( o + v Yy > )
Moreover, since p mods out by A2A(2Z — E) ® O(H), expression (5.3) shows
that again we have

dodip dipdp dpdgzﬁ) ( dedip dpdp
p(t)=p| Ar + Br +Cr =p| Ar + Br .
) < Py (G p'e Y Y'p’
Thus, in each of the three possible cases, we have ker(y) C im(3). This
completes the proof. O
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