SPARSE POLYNOMIAL EXPONENTIAL SUMS

TODD COCHRANE, CHRISTOPHER PINNER, AND JASON ROSENHOUSE

1. INTRODUCTION

In this paper we estimate the complete exponential sum

q

(1.1) S(fa) =Y e f(x)),

z=1

where e,(+) is the additive character e,(-) = €2™/9, and f is a sparse integer

polynomial,
(1.2) f(2) = aa™ + - + a2t

with 0 < ky < ky < -+ < k.. We assume always that the content of f,
(ay,as,...,a,), is relatively prime to the modulus ¢. Let d = d(f) = k,
denote the degree of f and for any prime p let d,(f) denote the degree of
f read modulo p. A fundamental problem is to determine whether there

exists an absolute constant C' such that for an arbitrary positive integer g,

=

(1.3) 1S(f,@)] < C ¢' 1,
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if f is not a constant function modulo p for each prime plq. It is well known
that the exponent 1 — 3 is best possible. For the case of Gauss sums (r = 1)
Shparlinski [29], [30] showed that one may take C' = 1+ O(d~/4*¢) and this
was sharpened to C' =14 O(d~'"¢) in his subsequent work with Konyagin
[15, Theorem 6.7].

The best upper bounds available for general f are

=

d
’S(f’ C])| < ed‘*‘o(logd)ql* ’
due to Steckin [33], and
[S(f,q)| < €™ a,

due to Qi and Ding [27]; see also Chen [2], [3], Lu [19], [20], [21], Necaev
22], [23], Qi and Ding [25], [26] and Zhang and Hong [35]. These authors
noted that in order to make any further improvement one must first obtain
a nontrivial upper bound on the prime modulus exponential sum |S(f,p)]
for p < (d —1)?, the interval where Weil’s bound [34] |S(f,p)| < (d —1)/p
is worse than the trivial bound. In [5] we obtained a bound of this type in

terms of the number of terms r of f(x). Using this bound we establish here

Theorem 1.1. For any positive integer r there exists a constant C(r) such
that for any polynomial f of type (1.2) and positive integer q relatively prime

to the content of f,

=

1S(f,q)| < C(r) ¢' 4.
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Although our proof yields C(r) < e no attempt was made to obtain
the best possible value for C(r).
For prime power moduli one can replace C'(r) with an absolute constant

as shown by Steckin [33] and Cochrane and Zheng [8], the latter result being

Lemma 1.1. [8, Theorem 1.1] Let f be a polynomial over Z of degree d and

p a prime with d,(f) > 1. Then for any m > 1,

(1.4) S(f,p™)] < 4.41 p=a),

It is also well known (see [22], [3] or [8]) that for p > (d — 1)?¥/(@=2) and

m > 1,

(1.5) 1S(f,p™)] < pmia),

The significance of the constant one in (1.5) lies in the fact that bounds
for exponential sums modulo prime powers lead to bounds for a general

modulus ¢ = []\_, p* via the multiplicative formula

k

(16) S(f,(]) :HS()‘vap?)a

i=1
where the \; are such that 2% | A;¢/p$" = 1. Thus if (1.5) holds for all prime
power divisors of ¢ then it follows that |S(f,¢q)| < g'~a. Tt is desirable to
extend the inequality in (1.5) to an interval of the type p > Cd for some

constant C.
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In closing we note that for sums over reduced residue systems,

(1.7) S (fa)= Y. elf(x),

z=1, (x7Q):1

the exponent in the upper bound can be dramatically reduced. Shparlinski
[31] showed that

S°(f, )l < C(de) g7,
for any sparse polynomial in 7 terms with content relatively prime to ¢. Loh
[17] obtained a related upper bound but an error in his Lemma 3 leaves his

results in doubt.

2. THE METHOD OF RECURSION

A standard method for bounding exponential sums modulo prime powers
is the method of recursion, also known as the method of critical points. For
any polynomial f let t = ¢,(f) = ord,(f’) be the largest power of p dividing
all of the coefficients of [, d; = d,(p~'f’), and let A = A(f,p) be the set of
zeros of the congruence p~f/(x) =0 (mod p). A is called the set of critical

points associated with the sum S(f,p™), for any m > 2. Write

with
Sallip™) = > em(f(@).
z=a (mod p)

A fact of central importance is that if m is sufficiently large then S, (f, p™) =

0 unless « is a critical point,
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Lemma 2.1. [6, Proposition 4.1] Suppose that p is an odd prime and m >
t+2, orp=2andm>t+3, orp=2,t=0 and m = 2. Then if o is not

a critical point, S, (f,p™) = 0. Consequently,

S(f,p™) = Salfir™):

acA

For any o € A define

(2.1) 0 =04 = ordy(f(pr+ ) = f(@)),  gal2) :=p 7 (f(pr+a)=fla)).

Lemma 2.2. [6, Proposition 4.1] The Recursion Relationship. Suppose that
p 1s an odd prime and m >t+2, orp=2andm>t+3, orp=2,t=0

and m=2. Thenifa € A
(2.2) Sa(f;0™) = epm (f(@))p"S(gas p™77),

where

(2.3) S(go,p™ %) = {Zil epm-o(ga(x)) if m > o;

pme ifm<o.
Under the hypotheses of the lemma we have

4) 18U < SIS lf ™ = 35S (g, ).

acA acA

In particular, since there are at most d; critical points we have immediately

the upper bound

(2.5) 1S(f,p™)| < dip™ .

In [8] we established the following bounds for S,(f,p™) and S(f,p™),
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Lemma 2.3. [8, Theorem 2.1] Let f be a polynomial over Z and p a prime
with dy(f) > 1. Suppose that p is odd and m > t+2 orp =2 and m > t+3.
Set A= (5/4)% ~ 3.05 and dy = d,(p~'f'). Then

(i) For any critical point o of multiplicity v we have

(2.6) 1Sa(f,p™)] < min{w, A} priip™i-win)

with equality if v = 1.

(ii) |S(f,p™)| < ApTripmd-an),

For any critical point « set

(2.7) 7= ordy(ga(x)),  g1(x) :=p g, ().

The following relations are well known (see eg. [6, Lemma 3.1]) and play a

central role in the proof of the preceding lemma.

Lemma 2.4.

(2.8) o> t+2 ’L:fpiSOddOT‘V>1
t+1 ifp=2andv=1.
(2.9) c<v+1l4t—r.

o —t+ ord,(dy(ga)) < v+ 1+ ordy(dy(ga))
(2.10) dp(ga)g{agl/—kl—i—t—r

(2.11) dp(gh) <o+17—-t—-1<w.

(2.12) pldp(ga)-
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An immediate consequence that we frequently make reference to is

Lemma 2.5. Suppose that « is a critical point of multiplicity v with v > 2

and p > v+2. Then d,(g.) <v+ 1.

Proof. Let d, = dy(gs). Suppose that ord,(d,) > 1. If d, = p then by (2.10)
we have p = d, < v + 2 contradicting our assumption. Otherwise d,, > 2p
and we have p < d,/2 < d, —ord,(d,) < v+ 1, again a contradiction. Thus

p1d, and we obtain (by (2.10)) d, < v + 1. O

3. PRELIMINARY UPPER BOUNDS

We begin with a couple of auxiliary lemmas.

Lemma 3.1. Define \; = @ fori = 1,2,3 and \; = X for i > 4, where

A= (5/4)° =~ 3.05. Then for 1 <i < d we have

AMATT <N,

Proof. For any fixed ¢ > 1 the function f;(x) := ’\Tx)\%c attains its maxi-
mum value at x = (i +1)/log(\) < i+ 1, and is decreasing for larger values
of z. Thus for d > i, the maximum value of f;(d) occurs at d =i or d = i+1.
Now, fi(i) = A\ < Xand fi(i +1) = N(1+ %))\z_Tll < A, as can be seen by

considering the different cases ¢ = 1,2,3 and 7 > 4. 0
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Lemma 3.2. If p > cdy for some constant ¢ then for 1 <1 < d; — 1 we

have
i—dy

T _ i
Cdl - dl

Proof. We first note that

i+1
d dy—1i
(—,1)1 <4, for 1<i<d —1.
7

This can be checked directly for ¢ = 1,2, 3. For ¢ > 4 it follows from Lemma

3.1. Then p > cdy > dy(dy /i) and the result follows. O

Lemma 3.3. Let p be a prime and f be any integer polynomial with t = 0

and either dy = 0,1 or p > d?+4/(d1_1) where dy = d,(p~'f"). Then for
m > 2
(3.1) S(f,pm)| < pm 0 a,

Proof. If d; = 0 then there are no critical points and the sum is zero. If
dy; = 1 then there is a single critical point of multiplicity one and the result
follows from Lemma 2.3(i). Suppose that d; > 2. Let A = A(f,p) C F,
be the set of critical points. We prove by induction on m that under the

hypotheses of the theorem
(3.2) S| < pmi=),

for any critical point a € A. We first note that (3.1) is an immediate

consequence of (3.2). Indeed, if p™ < (p/d;)“*! then using the trivial
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upper bound [Sy(f,p™)| < p™~! we have [S(f,p™)| < 3 e Salfip™)] <
dipmt < pm(l_ﬁ). Next, if there is a critical point a of multiplicity d;
then it is the only critical point and we have |S(f,p™)| = [S.(f,p™)| <
)

4+l and that every critical point is of

Finally, suppose that p™ > (p/d;)
multiplicity less than d;. Letting n; denote the number of critical points of

multiplicity ¢ we obtain from (3.2)

di—1

—1
(3.3) ISCEP™ <D 1Sa(f.p™)] < Z ngp™w
acA

(dl ! _m(i—dy) )
'11+1 Z n p(1+1)(d1+1)

Then from p™ > (p/d;)®*, p > 4d; and Lemma 3.2 with ¢ = 4 we obtain

di—1 o
(3.4) 1S(f,p™)] < p™ @) (Z ni(p/di) 7 )

=1

di—1

Z .y Z/dl d1+1 < pm(l—ﬁ)'

We proceed now to establish (3.2). If v = 1 then by Lemma 2.3 we have
equality in (3.2). So we may assume that v > 2. When m = 2 the bound
is trivial, |S,| < p < pm_vfl). Suppose m > 3. If ¢ > m then the result
follows trivially,

o—v—1

|Sal < p™ 7t < pTETYTHET < priow)

)

the latter inequality following from (2.9). Suppose next that 0 = m — 1.

Put d, = d,(gs). Since p > di > v? > v+ 2 it follows from Lemma 2.5 that
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dy <v+1<d +1. Ifd, >3 then p > (d, — 1)***(=2 5o by the Weil
bound, [S(ga,p)| < (dp — 1)/ < pl_i <pelIf d, = 1 or 2 the same
bound is elementary. It follows from the recursion formula of Lemma 2.2

that

o—v—1

[Sal = 977118 (gap)| < "1 = p T p ) < e,

Suppose finally that m > o + 2. We note that 7 = 0 since by (2.12),
pT < dp(g9e) <v+1<d +1< p, and so we can apply the induction

assumption to S(ga,p™ 7). Putting dy = d,(¢},) < v < d; and noting that

. B 2+ )
either do = 0,1 or p > d, we obtain

o — m—ao o— —0 I_L
[Sal = 7S (gar p™ )| < p7 PRI

< pa—lp(mfo)(lf%ﬂ) < pm(lfy—il)

4. MULTIPLICITY ESTIMATES

Next, we obtain an upper bound on the multiplicity of a nonzero zero of

a sparse polynomial
f(x) =ax® + -+ a.2*  (mod p).
Let a # 0 (mod p) be a zero of multiplicity v mod p, that is,

(z —a)’||f(z) (mod p).
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For 1 <i¢<rlet

S(i,a) ={kj: kj =k; (mod p“)},

and set
(4.1) a; =max{a : |S(i,a) > 2},
(4.2) ri = 15, ;).

Lemma 4.1. The multiplicity v of any nonzero zero of f(x) (mod p) sat-
isfies v < min; 7;p®. In particular, if p does not divide any k; — k; with 1 # j

thenv <.
Lemma 4.1 follows from the more precise

Lemma 4.2. Suppose that k1, ..., k; are the smallest distinct exponents mod

p so that
flz) =2 fi(z)P + -+ 2" f(x)? (mod p),
where

filz) = Z a;zh.

kj=ki+l;p

Then if f(z) has a nonzero zero a of multiplicity v mod p, we have
v=kp+u

where u < t and (z — a)* is the highest power dividing all the fi, ..., f:.
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Proof. Suppose that (z —a)*|fi, ..., f; with (x —a)**1 { f1, and write fi(x) =

(z — a)*g;(x) mod p, v = kp+ u, so that
(z —a)"l[g(x) = 2 gi(x)? + - - + 2™ gy (x)P.

Writing V = z-L we must have Vig(a) =0 mod p for j = 0,...,u—1. That
is
Ka*gi(a)’ + -+ kla"g(a)’ =0 (mod p)

for j = 0,...,u — 1. Since |det(k?) i=1,.+ | = [] |k — k;] # 0 (mod p) and

§=0,st—1
a*gy(a)? £ 0 (mod p) we must therefore have u < t. O
Proof of Lemma 4.1. Pick an arbitrary k;, ¢« = 1, ..., ¢, and use the preceding
lemma and induction on «;: If a; = 0 then plainly k =0 and v =u <t <
r =r;. If a; > 1 then since (z —a)*| f;(z) we have (by induction) k < r;p®i—!

and u < p giving
v=pk+u< (rp™ T —Lp+(p—1) <rp™.

O

In practice we apply the multiplicity estimate to the polynomial p~* f'(z)
and so we let 7, = r1(f,p) be the number of nonzero terms mod p of the
polynomial p~*f’(x). For critical points having multiplicity less than r; we

have the following upper bound.
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Lemma 4.3. Let f be a sparse polynomial as in (1.2) and suppose that
either ry = 1,2 or that p > (ry — 1)?/"=2) Then if m >t +2 and a is a

critical point of multiplicity v < ry we have

(4.3) 1S, | < prTp o),

Proof. If v = 1 the result follows from Lemma 2.3, and so we may assume
v > 2and r; > 3. Let d, = dy(g,). Since p > >/ g < v +1
by Lemma 2.5, and thus p > (d, — 1)?%/(%=2) Also, since p” < dp(ga) <
v+1<r;+1<pwe must have 7 = 0.

If o > m the result follows trivially,

morol m(l-gdy) o ot m(i- o)

|Sa| Spmfl =p v p

Suppose next that o = m — 1. Then applying the bound in (1.5) to S(ga, p)

we obtain,

o—v—1

_ 1
1Sal = p7719(garp)| < p7 P T =p T p

m(1--1) < pﬁpm(l—%ﬂ)

Finally, if 0 < m — 2 then we can apply Lemma 3.3 to S(ga,p™ ), since

dy :=d,(g.,) <v <ry andsop > d§+4/(d271). We obtain

’Sa| < pg_l\S(ga,pm_o)! < po—lp(mfo)(lfﬁ) _ paqupm(lfuil)_
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5. BOUNDS FOR EXPONENTIAL SUMS WITH P SMALL RELATIVE TO d

First we consider sums modulo p. From the bound of Weil, one deduces

(see [8, Lemma 3.1]) the upper bound
(5.1) [S(f.p)l < 175 71,

for any polynomial f with d,(f) > 1. Moreover the constant 1.75 may be
replaced by 1 provided p > d?. For our purposes here we need constant
1 for p > d. We obtain this from the following result established in the

author’s work [5, Corollary 1.1].

Lemma 5.1. Let f be an integer polynomial of degree d as in (1.2). Then

for any 6 >0 if p > (51906) d and p > C1(0), then

P 1
(%)
rp

(5.2) > elf(@)
Lemma 5.2. Let f be a polynomial as in (1.2) of degree d = d,(f) > 1

r=1

(mod p) and suppose that p > Cs, (an absolute constant), p > 50d and

p > 1t Then

=

1S(f.p)] <p'a.

Proof. The result is elementary for d = 1,2 and so we assume d > 2. If
p > 16d° then the result follows from the Weil bound [S(f,p)| < (d—1),/p.
Suppose that p < 16d%. Applying Lemma 5.1 with § = % we obtain that

if p > 50d and p > Cy(}) then |S(f,p)| < p(1 — 1/rp'/®). Since, p > r
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it follows that |S(f,p)| < p(1 — 1/p¥?°), and since p < 16d* the latter is

< pl_é for p > 109, U

Lemma 5.3. Let [ be a sparse polynomial as in (1.2) with p > 50(d; + 1),
p > Cy (the constant in Lemma 5.2), p > r* and m >t + 2. Then for any

critical point o of multiplicity v we have

(5.3) |S,| < preTp i),
and
(5.4) S(f,p™)| < parpmiae),

Proof. We first observe that (5.4) is always an immediate consequence of

(5.3). Indeed, if p™~t < (p/di)®*! then using the trivial upper bound

[Sa(fip™)] < p"7h we have [S(f,p")] < FaealSalfip™)] < dip" Tt <

pae ™t

1
o), Next, if there is a critical point a: of multiplicity d; then it is
1
the only critical point and we have |S(f, p™)| = |S.(f,p™)] < pﬁpm(l_m).
Finally, suppose that p™~* > (p/d;)“** and that every critical point is of

multiplicity less than d;. Letting n; denote the number of critical points of

multiplicity ¢ we obtain from (5.3)

L (m—t) (i=dy)
S(f, ™) < Y naprrpa) < pryntms) 2w Gy
i=1

< prepmtma) O ni(p/dy) T < preTpm ),

the last inequality following from Lemma 3.2 (with ¢ = 4) and ), n;i < d;.
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We now establish (5.3) by induction on m. The result is trivial if m = 2.

Suppose that m > 2. If ¢ > m then from (2.9),
[Sal < pt < prpm T,
If o = m —1and a # 0 then since p > d; it follows from Lemma 4.1 that
v < r. Also, since p > 50d; > 50v we have by Lemma 2.5 that
dy(g9) <v+1<r < p'/4,

and so by (1.5), [S(ga,p)| < pl_m < p'~#. It then follows from the

recursion relation that

(5.5) [Sal < 77 S(gar p)| < p777T < prEIpT ),

by (2.9). If @ = 0 then we have to argue differently since the multiplicity may
be larger than r. In this case g,(z) = f(pz) is a sparse polynomial with the
same number of terms as f. Since p > 50(d; +1) > 50(v +1) > 50d,(g.) we
can apply Lemma 5.2 to obtain |S(ga,p)| < pl_m, and the result follows
as before.

Suppose now that ¢ < m — 2. We first note that by (2.12), 7 = 0 since
p > dy(ga). Set dy = dy(g),). If a # 0 then we have by (2.11) and Lemma
4.1, dy < v < r < p'* Thus by Lemma 3.3

1
’S(ga,pmﬂrﬂ < p(mfﬂ)(lfm)'

If @ = 0 then we can apply the induction assumption to the polynomial

Jdo = P~ 7 f(px) and obtain the same bound. From the recursion relationship
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we then obtain

1S(f,p™)] < potptm -7

< p et < pripm(i),
0

Next we obtain a bound valid for even smaller values of p. Again, let
dy and 1 = ri(f,p) be the degree and number of nonzero terms of the

polynomial p~*f'(x) read mod p.

Lemma 5.4. Let f be a sparse polynomial in r terms and p a prime with
p >t p> Cs and such that p t (kj — k;) for all k; < k; < dy. Then for
m >t + 2 and any critical point o of multiplicity v we have

1

(i) Ifa#0 then |Sa(f,p™)| < prapmi=wn),

(i1) Fora=0, |S(f,p™)| < pot pmd=oi),

(iii) |S(f.pm)] < phiipntmE,
Proof. We take C5 = max{Cy,200} where C; is the constant in Lemma
5.3. The condition p 1 (k; — k;) implies (by Lemma 4.1) that v < r; for any
nonzero critical point. So (i) is implied by Lemma 4.3. If p > 50(d; +1) then
the lemma is implied by Lemma 5.3 and so we may assume p < 50(d; + 1).
In particular, it follows that r < d; (if » > 4 then r* < p < 50(d; + 1)

impliesr<r-g—3 < dy + 1; if r < 3 then p > 200 implies d; > 3 > r).
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The proof of (ii) is by induction on m, but first we show that (i) and (ii)
together imply (iii). If zero is the only critical point then (ii) immediately
implies (iii) and so we assume henceforth that » > 2 and that v(0) < d;.

If m — ¢ < 2r then the upper bound in (iii) follows from the trivial bound
|S(f,p™)| < p™. Next write m —t = 2r + 1+ j with j > 0 and set

t+2r

A = pdl+1pm(1_d1ﬁ),

the desired bound. We have

[SCE ™| < 1So(f ™)+ Y 1Salfp™)]-

a#0

For the first term we have the trivial bound

j—dy

(5.6) 1So(f,p™)| < p™ 7t = paFA.

Now there are at most p — 1 nonzero critical points, each of multiplicity
<r;—1<r—1andso by (i)

S ISalfop™)] < peptlpm0h = pt R

a#0
J=di 143

(5.7) =pat AL

Combining (5.6) and (5.7) we have for j < d;/2,
—dy
IS(f,p™)| < p™@ 0 (14+p YA <2 p VA < A,
and for d; >] > d1/2,

|S(f,pm)| S (p—d1/27‘ + 1)p_1/(d1+1)A S (T,—le/r + 1)T_4/(d1+1)A < A.
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If j > d; then by the bound in (ii) (replacing v with d; — 1) we obtain
1So(f,0p™)] < p%A < p VB

For the remaining critical points we use the upper bound of (5.7) replacing

7 with dy. Thus

—dy—1

[S(F,P™) < (p% +p7> A < (r4 i@/ A

We return to the task of proving (ii) by induction on m. The bound
follows trivially from |So(f,p™)| < p™ ' if m < v+ 1+t+ 2r, and so we

assume m > v + 2+t + 2r. By (2.9) we have
m—o>v+2+t+2r—(v+1l4+t—7)=14+2r+7>7+2,

and by the recursion formula of Lemma 2.2, |So(f, p™)| = p° 1S (g0, p™ )|,
where go(x) = p~7 f(px). Since gy has the same degree monomials as f we

can apply the induction assumption to gy and obtain,

T427r 1
[So(f,p™)] < p7lpEipm O

where dy := d,(p~"g0) < di. Now by (2.11) dy < v and so replacing dy by
v in the previous inequality and using the upper bound in (2.9) we deduce

the inequality in (ii).
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6. DEALING WITH THE PRIMES THAT DIVIDE k; — k; FOR SOME @ # j.

If p|(k; — k;) for some k; < k; < d; then there may be nonzero critical
points of multiplicity exceeding r and so we have to argue more carefully. Let
f(x) be a sparse polynomial as in (1.2) of degree d and set dy = d,(p~" f'(z)).
For any pair (i,7) with 1 <14 < j < let p;; be the maximal prime divisor
of k; — k; (taking p;; = 1 in case k; — k; = 1) and put
(6.1) P=Ap;:1<i<j<r}
Assume now that p > 4r, p|(k; — k;) for some k; < k; < d; but that p ¢ P.
Let

pes = min{p;; : p|(k; — k), ki <k; <di},
and define
M :=rdy /pes.

Then if p¢||(k; —k;) is the maximum power of p dividing any of the differences
k; — k; that actually occur in the critical point congruence for S(f,p™), it
follows from Lemma 4.1 that the multiplicity v of any nonzero critical point

satisfies
(6.2) v <rp® <r(k; —k;)/pi; < M.

Let S*(f,p™) denote the sum over a reduced residue system (mod p™)

as in (1.7). For j > 0 define y;, t; by

6.3)  pYll(ap™, ... ap™), P (k™ ankp™).
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Then we can write

(6.4) S(f,p™) = S (f(Wx),p" ) =Y pIss,
=0 =0

where for 0 < j <m

(6.5) ST = S*(p~Hi f(pax), p™H).

The critical point congruence associated with the sum S7 is just
gi(x) = p M (akpM M T+ 4 gk 2T =00 (mod p),

Viewing g;(x) as a polynomial over F,, we observe that for any j < m the
largest degree term of g;41(z) is at most the smallest degree term of g;(z).
Indeed, if pt T4 ||arkp’™™ then ptitistk||arkplU+bkr and
ptithitkitt g k,pU+ ke for ¢ > I. Tt follows that the degrees of the g; are
nonincreasing (with j) and that at most 7 of the g;(z) can have more than
one nonzero term. The rest of the g;(z) are monomials and therefore the
associated sums S7 are zero, provided m — p; > 2. Thus there are at most
r values of j < m for which m — p; > 2 and S} is nonzero. Moreover, for
these nonzero sums the multiplicity of any nonzero critical point is bounded
above by M.

Say d; = k; — 1 for some I. Then since p'||ark; it is easily seen that for

0<j<m

(66) M + tj S t+j(d1 + 1)
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We split the sum in (6.4) into two parts according as m —t; — pu; > 8M
or not. If this inequality holds then since S} has at most p critical points,

each of multiplicity < M, it follows from Lemma 2.3 that

ts m—j
B3| G| < pti—dgy ik pmi) (1= 3) 4p D
PUISH S PR Ap pR TN = T s )

Now (m — pu; —t;)/(2M) > 4. Also, since p > 2r, 2M < d; and so by (6.6)

m — p; —t; >m—t—j(d1+1): m—t_j
2M dy +1 d+1

It follows that
1 4 _t m(l—#)
(6.7) prTST < — piFp T
p

We consider next the set of j for which m —¢; — p; < 8M and let j,

denote the least such j. Then

1i—j| Q* m—j 2t e m(l-g2)
> S| < p e = pait e paspmi T
J2Jo

Now
(m—1) — jo(dr + 1) <8M +t, + pj, —t — jo(dy + 1) < 8M = 8rdy /pys,
by (6.6). Thus

(6.8) Zpuj—jlsﬂ Sp%pﬁpm(l_ﬁ).
J2Jo

From (6.7) and (6.8) we conclude that
1S(f,p™)] < (;% +p§;> pasr =gt < i (1 N ]%) )

This establishes
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Lemma 6.1. Suppose that p|(k; — k;) for some k; < k; < dy, p > 4r and

p & P. Then

t

< (1 L) pegrmyeosi)
‘S(fap )|§ 1—%]? pres pditip 1)

for some pgs € P with p|(ky — ks), p < pes-

7. PROOF OF THEOREM 1.1

For any prime power p™ and polynomial f let

S m
(7.) R

d

Let f be a sparse polynomial with r terms and let ¢ be a positive integer

such that d,(f) > 1 for all prime divisors p of g. Write

[T &(f.p™y =P Po-Ps- PPy Py

p™ g

where the P; are products over the prime power divisors of ¢ satisfying the

following constraints (counting prime powers only once if they happen to
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satisfy more than one constraint):

(7.2) P = H R(f,p™
(7.3) Py = H R(f,p"
1<m<t+1
(7.4) ps= J[ R(P™,
pi o P
(7.5) Py = 11 R(f,p™),

p>7’
p|(kj—k;), for some k; < kj < di, p¢P

m>t+2, 50d>p>rt, p>Cs3 and
p’f(kj—ki) for all k; < k:j <dj,

(7.7) P = 11 R(f,p™),

m>t+2, p>rt, p>Co and
p>50d

where C5, C3 are the constants in Lemmas 5.3 and 5.4 respectively, and P is
the set of exceptional primes (6.1). By (1.6) the theorem follows if we show
that each of the products P; is bounded by a constant depending only on 7.
By Lemma 5.2 the Weil bound (5.1) and the trivial bound R(f,p) < p'/?
we have
P < I r(5p) [] R0 ] BUp) < (Lrs)t" ] M < (175)"
p<Cs p<rd p<50d p<50d

For the next few products we need the following

Lemma 7.1. Let f be a sparse polynomial with r terms of degree d. For

any prime p let t, = ord,(f'(x)). Then letting p run through the set of all
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primes for which d,(f) > 1 we have

II »7<

p,dp(f)Zl

Proof. Let f(z) = a;z™ + -+ + a,2% and p be a prime with d,(f) > 1.
Then for some i, p t a;, and so for this value of 7, p'»|k;. Thus the product

over all such p' is a divisor of kiky...k,. O

(We continue to write ¢ for ¢,.) For P, the condition 1 < m < t+1 implies

that ¢ > 1 and so m < 2t. Thus we have trivially,

Py < [p™* < []p*" < d*/* < (21"

The number of primes in the product P is less than r* / 24-r24+C5 < r*4-C4

and so by Lemma 1.1 P; < 5" 405 For Py we apply Lemma 6.1 to obtain

re<] (1) A T TT 7

1<i<j<r p<p;,;

< dr/d H 054T < 1'57“0?7*37

1<i<j<r
for some absolute constant Cs5. We may take C5 = sup, ¢’@)/* where 0(z) =
> vz 108D

For Ps, we apply Lemma 5.4 (iii) to obtain,

P, < H p'”“ < Hpt/d H p2r/d

p<50d p<50d
d _2r0(50d)/d 100
< dr/dert0d)/d < 5rodoor



26 TODD COCHRANE, CHRISTOPHER PINNER, AND JASON ROSENHOUSE

Finally, we apply Lemma 5.3 to Py to obtain

P< o <d/* <15
p

Thus the product P, P, P3P, P5s Py is bounded above by a constant depending

only on r.
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