BOUNDS ON EXPONENTIAL SUMS AND THE POLYNOMIAL
WARING’S PROBLEM MOD p

TODD COCHRANE, CHRISTOPHER PINNER, AND JASON ROSENHOUSE

ABSTRACT. We give estimates for the exponential sum > ?_, exp(2nif(z)/p),
p a prime and f a non-zero integer polynomial, of interest in cases where the
Weil bound is worse than trivial. The results extend those of Konyagin for
monomials to a general polynomial. Such bounds readily yield estimates for
the corresponding polynomial Waring problem mod p; namely the smallest

such that f(z1)+---+ f(zy) = N (mod p) is solvable in integers for any N.

1. INTRODUCTION

For any polynomial f(x) over Z and prime p let S(f, p) denote the complete exponential
sum
(1.1) S(f:p) = en(f()),

z=1

where e, (+) is the additive character e,(-) = 5. Tt is well known that bounds for such
sums imply corresponding estimates for the number of solutions of certain congruences.
For instance, if f is the monomial f(z) = 2% then from the elementary bound of Gauss,
|S(z%,p)| < (d —1)\/p, one obtains (as in Lemma 9.1) that the number of solutions of the

congruence
(1.2) mf—i—x%—i—---—&—x‘f/EN (mod p)

is at least

7 (- )

for any integer N. Waring’s problem mod p is the determination of the smallest integer
v = v(d, p) such that (1.2) can be solved for all N. If p > (d — 1)® one obtains v(d, p) < 3,
that is, every integer may be represented as a sum of three d-th powers (mod p). More

generally, if p > (d — 1)>* then v(d,p) < [4] 4 2. However, for p < (d — 1)* the bound
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of Gauss is trivial and therefore implies nothing about Waring’s problem. For primes in
this interval nontrivial bounds for Gauss sums have been obtained over the past decade
by Shparlinski [20], [21], Konyagin [14], [15], Mullen and Shparlinski [18], Konyagin and
Shparlinski [16] and Heath-Brown and Konyagin [11]. The bound of particular interest to
us here is Konyagin’s [14, Theorem 1],

(1.3) |S(‘wd7p)‘ <p (1 - W) )

for d > 2, ptaand p > dlogd/(log(logd 4+ 1))*~%). Although modest in strength, the
importance of this bound is that it is nontrivial for values of p very small relative to
d. Combining this bound with a result of Bovey [2], Konyagin was able to resolve (in
the affirmative) the conjecture of Heilbronn that for the mod p Waring problem one has
~(d,p) < d° provided that p/d > C(e). Further estimates for v(d, p) have been obtained
by Chowla [4], Chowla, Mann and Straus [5], Dodson [7], Dodson and Tietdvéainen [§],
Garcia and Voloch [9] and Tietévéinen [22].

Consider now a general polynomial f(z) of degree d, and let v(f,p) be the smallest
such that

f(@1) +---+ f(zy) = N (mod p)

can be solved in integers for all N. By an application of the Cauchy-Davenport Theorem,

Carlitz, Lewis, Mills and Straus [3] proved that for any f,
(1.4) v(f,p) <d for p>d,

generalizing the same bound of Hardy and Littlewood [10, p. 533] for monomials. The
authors are unaware of any other estimates of ~(f, p) for general f. The classical bound
of Weil [25], [S(f,p)| < (d—1),/p, implies (as above) that v(f,p) < 3 for p > (d—1)® and
for p > (d — 1)**¢, v(d, p) < f%] +2. For p < (d —1)? and general f, it is a major open
problem to obtain nontrivial bounds for S(f,p). Mordell [17] established the bound

1— L

1
(1.5) |S(f,p)| S(k}1k2"-kr(p—1,]€1,k2,...,k‘7))2rp 2r,

for polynomials of the type

(1.6) _]“(‘”[:)201;1;161+621’k2+,..+CT$’W7 1<k < <k.-<p-—1, pJfCI"'Cm

but this bound is nontrivial only for a very restricted set of polynomials. Bounds of this
type were also obtained by Akulinichev [1] and Karatsuba [12] for binomials and other
special polynomials. Here we shall obtain an upper bound of the type (1.3) that remains

nontrivial for very general f(x).
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For a prime p and vector of exponents
k= (k... k), 1<k <--<k.-<p-—1,

we are interested in obtaining bounds of the form

Y enlf(@)

=1

(1.7) <p(1-6(R)

that hold for all integer polynomials of the type (1.6). (We require k, to be strictly less
than p—1 to avoid the monomial P!, which is identically 1 on the set of nonzero residues

mod p.) Such bounds immediately yield (see Lemma 9.1) the estimate

log
(1.8) v(f,p) < [5(13)} :

In particular, analagous to the Heilbronn conjecture for monomials, our bound (Corollary
1.1) implies that for any € > 0, v(f,p) < rd® for all polynomials (1.6) of degree d with r
terms and p/d > C(g). It is not clear to us at present whether the dependence on r in
this estimate can be removed.

We write
(1.9) vy < - < vy

for the set of distinct (k;,p — 1) that occur in k. Then f(z) can be broken down into a

sum of J polynomials

(1.10) f(x) = fi(x) +-- + fs(z)

where for j =1, ..., J, the exponents k; occuring in f;(z) all have the same value (k;,p —

1) = vj. Define
(1.11) ry=Hki + (ki,p—1)=v;}, t;=(@—1)/v;,

and set

J

(1.12) o= (L),
j=1
with ¢ being the Euler totient function. Our main theorem is

Theorem 1.1. For any polynomial f as in (1.6) and prime p > po,

3 ep(f(a))

1
< 1—- .
=P ( (rlog p) log” (r log p) p%/v)
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2r /o

The factor p on the right-hand side is necessary as we show in the next section, but
it is an open question whether the factor r (in the denominator) can be eliminated when
p/d > 1. The proof of the theorem follows the line of argument developed by Konyagin
in [14]. We have sharpened, refined and extended each step of his work, but no doubt
there is still more to be reaped from his ingenious method. Our results not only generalize
his from monomials to polynomials, but in addition sharpen the results he obtained for
monomials. They also encompass the bound for monomials obtained by Konyagin and
Shparlinski (by a different method) in [16, Theorem 4.2].

A more precise version of Theorem 1.1, given in Theorem 6.1, reflects the dependence
of the result on the currently best available lower bound for the Mahler measure of an
integer polynomial having a nonzero root which is not a root of unity.

There are two other ways of stating our main result which may be of more use in

practice. In terms of the degree of the polynomial f we obtain:

Corollary 1.1. Let f(x) be an integer polynomial of degree d as in (1.6). Then
) d and p > C(9), then

(i) Form for small p. For an arbitrary 6 > 0, if p > (

51406
> el < (1 - %) .
dlogd

(ii) Analogue of (1.3). For anye >0, if p > and p > C(g) then

(log(rlogd))t—=

1
< 1—-——.
=P ( (rlogp)1+€)

(i41) Precise form for slightly larger p. Let ¢,k be the constants defined in (4.1) below, and

Y enlf())

v Euler’s gamma constant. For any e > 0, if p > %dlogdlog loglogd and p > C(¢)
then

P . ; _ (1*5)
; p(f(2)) SP<1 1§§2c(rlogp)(10g(rlogp))ﬁ“>.

Instead of using the degree d, the appropriate ranges can also be expressed in terms
of the minimal (k;,p — 1), k := v1, occurring in f and the number of terms r; the three

bounds (i), (ii) and (iii) holding when

p>T7.7(r/6)" "k, p>p(5),

(kr)log(kr)
(og(rlog(kr)))T =’ PP

%(km log(kr) loglog(rlog(kr)), p > p(e),

A\

(1.13) P

v

p
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respectively. The first bound can also be made asymptotically precise in terms of the r
dependence; for any € > 0
2 2
p>(1+e)k (%) log log (%) ,  p>p(ed).
Recalling the decomposition f = fi1 + fa +--- + f; given in (1.10) and the definition
of §(K) in (1.7), we note that in many cases a bound for S(f,p) can be obtained directly

from bounds for the S(f;,p). We write k_; for the vector of exponents occuring in f;.

Theorem 1.2. Suppose that there is a value L < J such that v; t vr for all j # L. Then

- 1 =
5("’) > 4‘77—16%”'

It is not clear whether the result still holds when there are vj|vr - in that case the
method of proof requires us to add all the k_; with v;|vr to the vector k1 on the right-

hand side.

2. LOWER BOUND EXAMPLES

2/? in Theorem 1.1 for ‘small’ p

We give examples showing the need for the term p
(with sharpness when J = 1, or where we can reduce to the case of smallest r; /¢(t;) using

Theorem 1.2). Since

. r T
min J

Tj
< < max )
a0t T e(ty) i o(tj)
the worst bounds would seem to arise for polynomials having J = 1.
For these lower bound examples we show the existence of polynomials with f(z) ap-

propriately small mod p for all . For any real number u we define
2.1 = mi — kpl.
(2.1) [lull = min [u — kp

Theorem 2.1. For a set of exponents (ki,...kr), 1 < k1 < -+ < kr, < p—1, with

T k;
21:1 a;xr™",

(p—1,ki) = k for all i, p— 1 = kt, there is an integer polynomial f(z)

non-zero mod p, with

(22) If@II < Cp'/*0, o) =@ < Viogt,
qlt

for all integers x, the product being over the distinct odd prime divisors q of t.

By contrast, Lemma 5.3 below will show that for any such polynomial there must be

an integer x with

1=r/6(t)
p
1F (@)l =

4+/mlogdm’

m = min{4t, c.(rlogp)' "}
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Corollary 2.1. For any vector of exponents k= (k1y ..., kr) and corresponding v; as in
(1.9), there are integer polynomials
fim)= > e 1<i<T and f(z)=fi(x)+-+ fa(),
(p—1,k;)=v;

each nonzero mod p, satisfying

p 27T202(tj) .
(2.3) ;ep(fj(a:)) 2P (1 - W) v I= Ll d,
and
P 272 ZJ Cz(t')
Jj=1 J
(2.4) ;ep(f(a:)) >p (1 T Ttning 2/ |

with C(t;) = O(y/logt;) as in Theorem 2.1.
There is also an integer polynomial f(xz) =3 _, a;z" , nonzero mod p, with

o2
ZP<1W> y o T =t tg)

P

> enlf(@)

x=1

(2.5)

We immediately obtain:

log(kr)

Corollary 2.2. For any A > 0, positive integers k,r and prime p < %(kr)m

with k|(p — 1), there is an f(x) = S."_, ¢;27%, of degree d < rk, with

j=1
47
> 1——].
=P ( (r logp)A)

Z ep(f(z))

Also, for any 0 < 6 < 2,0 <e < % and prime p of the form p = 1+ kt with t > t(¢,6),

there exists a polynomial f(z) = YI_, cix?i®, (ji,t) = 1 for all i, r = [%(1 + %5)5(]5(15)},

with p > (1 — 2¢) (%) d, and
1
Zp (1 - p6(1+5)) .

If t = p1---pn (where p; is the i-th prime) then for these polynomials we have p >
(1 —2¢e)e"k (%) loglog (%) .

P

> e(f(@)

x=1

These lower bounds generalize the results of Konyagin [14], and Konyagin & Shparlinski

[16] and Powell [19], for monomials. Other lower bounds occur in Karatsuba [12].

3. PRELIMINARY LEMMAS

We first transform the exponential sum problem into one of obtaining lower bounds for

sums of the form > || f(a*)||*, where « is a primitive root mod p.
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Lemma 3.1. Suppose that f(x) is an integer polynomial of the type (1.6) and a is a

primitive root mod p. If 37 [|F(a)||? > A for any integer polynomial of the form

F(z)=Y"_, aix", pta; for all i, then

p

Y enlf(@)

rz=1

2A(p—1)

<p—  ——2~.
=P 12

Proof. First note that since |siny| > 2|y| for |y| < %, one has

8
cos(2y) =1 —2sin*(y) <1 — pyz,

for |y| < §. Choosing xo € R suitably we have

_ ep((@)] = %g e0(F(z) — 20)
—xi;lCOS(Zrllf(w) =)
<cos(f||_x H) +: (1_8|\f(x)p2 xou2)

8 %~
<p— 5> If @) — ol
p =1
Observe that for any real number xg
p—1 p—1
@) = f@a)l* = Y |If (@) — 20+ o — f(za)||?
=1 z=1
p—1 p—1
<Y 2l f (@) = wol* + ) 2l f(war) — wol[?
=1 z=1

=Y _4llf(z) - ol*.
r=1

Thus for f(z) =3_, az® we have

Il
,;E\ﬁ._t

B~ =

S @) —wolP > 2 S 115 @) - fea)]?

where

2

I
;
+ |

p—1 r
5| [ - et
z=1|[l=1
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The following is a slightly cleaner version of Theorem 5, Chapter 2, §2 of [13]:

Lemma 3.2. The Rademacher functions, {in(z)}nzo, on [0,1),

Un(@) =1, if z € [5, BE), 0 < i <27, i even,—1, if x € [55, ©E), 0 < i < 2", i odd,

satisfy

meas{x €(0,1) :

L L
- ato] o) <00 (1 E1)
i=0 =0

Proof. Clearly if f is a non-negative function on (0,1) then

/o f(u)du > t meas{x € (0,1) : f(z) >t}

Hence for p(z) = Zf:o a;¥;(x) and any positive z we have

meas{z € (0,1) : |p(z)| > A} = meas{z € (0,1) : P > ¢}
1
< eizk/ Pl gy,
B 0
1
< e_ZA/ (ezP(") + e_Zp(")> du
0

_ 1 vida
— % EDN ST Z ez(iaoi +ay,)
+

L
=2¢ H i(ezai +e 7).
i=0

Observing that

2
u

cosh(u) =1+ Z (21_;!

1,2
e2"

2
<1 -
= ; 2l
gives

meas{z € (0,1) : |p(z)| > \} <2exp

/N

1 L
2 2
—zA + Ez E ai> ,

=0

and choosing z = A/ Zfzo a? yields the desired bound. O

Next we give an asymptotically sharp version of Dobrowolski’s [6] Lemma 3.

Lemma 3.3. Suppose that « is algebraic with conjugates o, ..., oy,
Let L(r) :=|{i : af =a"}|, and P := {primes p : L(p) > 1}. Then for n > n(e)

logn
Pl <(1 —_—
IPI=( +E)loglogn’

and thus for any s > (1 + €)logn the interval (s,2s) always contains a prime q such that

the o are all distinct.
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Proof. Note that the minimum polynomial g, (x) for " is also the minimum polynomial for
the remaining o (since any automorphism of the corresponding splitting field o : o +— «;

fixes gr). Therefore

n

fr(z) == H(x - O‘:) = gr(x)L(T)v

i=1

and L(r) remains unchanged if we replace a by one of its conjugates. It follows that

L(r) =n/[Q(a") : Q] = [Q(e) : Qa")].
We first show that for a prime p

L(rp) = L(r), pL(r) or ¢ € Q(a")

where (, denotes a pth root of unity. If FF = 2P — o'? is irreducible over Q(a™) then

plainly
L(rp)/L(r) = [Q(a") : Q(a"")] = p,

so we can assume that F' factors. Since the roots are Cga", j=0,...,p—1 the constant term
of the minimum polynomial (for a” over Q(a’?)) must take the form ¢} a™ for some I < p.
Hence taking JI = 1 (mod p) we have (J*a” € Q(a’?). If ¢J*¥ = 1 then L(rp) = L(r),
otherwise Q(a") contains the pth roots of unity.

Now, as shown in [6],
(r,s) =1= L(rs) > L(r)L(s).

Indeed, each of the L(r) conjugates a; with o = " will have L(s) conjugates a; with

as,

5 = of (and thus of® = o”*) where these sets must be distinct; since o = af = aj,

de(T’S) = af,Cd(r’s) = ay . It follows from this inequality that if

ai = oy, would give o = «
p{rand L(p) > 1 then L(pr) # L(r). Thus if p € P with p { r, then either L(pr) = pL(r)
or ¢, € Q(a”).

Next we observe that a field containing the rth and sth roots of unity with (r,s) =1,

must contain the (rs)th roots of unity. By considering the primes of P in turn, we can

write P =P, UP,, r = HpeP1 p, t= Hpepzp so that
L(r)=r ¢ €Qa").
Therefore
n=rn/L(r) =r[Q(a") : Q] = r[Q(¢) : Q = ro(t),

and, taking logs,

Z log(p — 1) < logn.

pEP
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Since the sum over the first k primes Zf:l log(p; — 1)~k log k we must clearly have |P| <
(140(1))log n/loglog n. The second claim follows from the prime number theorem 7(2s)—

m(s)~s/logs. O
Lemma 3.4. Suppose that B1, ..., Br are distinct integers modulo p. If
ulﬁ{—ku-—i—urﬂﬁzo (mod p), j=0,...,7—1,

then the u; =0 (mod p), i = 1,...,r. In particular, if a is a primitive root mod p then, for

a polynomial of the form (1.6) with values t; as in (1.11), the sequence z; = f(a*) (mod

p) has period [t1, ..., tJ].

Proof. The first part follows immediately on observing that the matrix

A= (1...1@...5,.53 Tl ;—)

has Vandermonde determinant |det Al = [],_, [8; — B;| # 0 (mod p).
For the second part, writing 3; = o, the sequence f(a') has period T if and only if
a(Bf —1)B+-- 4 ¢ (BF —1)82 = 0 (mod p) for all j. Thus one must have 37 = 1 (mod

p), that is, G2 |T for all 4. O

Lemma 3.5. Suppose that 3 = oF where o is a primitive root mod p and that t =

(p—1)/(p—1,k). Then the nth cyclotomic polynomial ®,(z) satisfies
®,(8)=0 (mod p) & n=p"t for some u > 0.

Proof. Observe, from the relations ®pus(z) = @ps (xp‘hl) and ®ps(z) = O (2?)/Ps(x) for
(s,p) =1, that &k (x) = @s(x)¢(pk) (mod p). Thus we may assume that g = 0. In this

case the result is just [24, Lemma 2.9]. O

4. MAHLER MEASURE AND LEHMER’'S PROBLEM

Recalling the definition of the Mahler measure, u(F'), of a polynomial
F(z) = an [[L, (x — ai),

N
W(F) = lan| [T max{1, |a:l},
i=1

we shall assume that c and x are constants such that for any € > 0 we have a lower bound

of the form

(1-¢)
(4.1) log u(F') > W7

for all polynomials F(z) in Z[z] of degree N > N(e) containing a nonzero root which is

not a root of unity. By a result of Dobrowolski [6] we can take k = 3 with ¢ as small as
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we like. The unresolved problem of Lehmer amounts to the claim that we can take kK = 0,
with perhaps ¢ = 1/1og(1.17628...).
We need a lower bound on the Mahler measure to apply the following result of Konyagin

[14, Lemma 3].

Lemma 4.1. Suppose that P is an irreducible integer polynomial of degree n > 2 whose
roots satisfy z! # z;-l fori # j. Suppose that A, is a lower bound for the Mahler measure of
an irreducible integer polynomial of degree at most n with a nonzero non-cyclotomic root,
and Q a polynomial of degree N with coefficients from {0,1,—1}. If ¢ > log(N+1)/log A
and P(z) divides Q(z7) then the roots of P are all roots of unity.

5. THE FAMILY OF POLYNOMIALS A(X) AND THE MAIN LEMMAS

For a set of integers X = (zo, ..., zam ), define A(X) to be the set of polynomials p(z) =
S paizy an # 0, in Z[z] with n < M and .7 aiziy; = 0 for j = 0,..., M —n. We
will use the following property of A(X) established by Konyagin [14, Lemma 5 and its
Corollary].

Lemma 5.1. If Pi, P> are in A(X) with deg(P1P2) < M then ged(P1, P2) € A(X). In
particular if A(X) contains a polynomial Py with deg Py < %M then the polynomial of

minimal degree in A(X) is unique (to within a constant) and must divide Py.

In the next two lemmas we generalize and refine the main lemma of Konyagin’s work

[14, Lemma 6].

Lemma 5.2. Suppose that p is a prime, n, m positive integers with

n < —m,

N

and xo, ..., Tm integers satisfying
(5.1) zi=afi+ +a bl (mod p), i =0,...,m,

for some integers aj;, B; coprime to p. Set

X :=(20y. -, Tmy ),

_ logp
V= [Tbg?} ’
and
2
(5.2) A= P

8 {%(2pr)l/(n+1)—|2 log(4m) '
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Assume that
Z 2 < A.
i=0

Then there exists a nonzero integer polynomial Pi(z) = Y1 biz' in A(X). Further, for

any positive integer q with

1
Nqg < §m1

there exists a nonzero integer polynomial Q(z) = ZZN:O ciz" with the ¢; = 0,£1 and Q(29)
in A(X).

Proof. Let b be a vector b = (bo, ..., b,) in N**! with 1 < b; < B := B(Qpr)l/erl)-‘. For

0 < j <m —n we have by Lemma 3.2 that

meas { x e

Hence

meas {x Z bixit i (x

and there are at least 2™ distinct (¢o(z), ..., ¥n(x)) with

Z biTiy; wz

< p,J—O n}z

< p,]—O m —n.

Since there are 2" B"*! > p" choices of b and z we can find two pairs & ,z" and b, " with

n

D bii(@)B =) bidi(a")B (mod p), 1=1,...,r
t=0

=0

Thus taking b; = bj1);(x') — bi'1;(x") we have

n
> b

i=0

<p, 3=0,....m—n,

with
Z bixit; = Z alﬁlj (Z blﬁf) =0 (mod p), j=0,....,m—n.
i=0 =1 i=0

Hence all the > biziy; = 0, j = 0,...,m —n and the non-zero polynomial P(z) =
S bz’ is in A(X) (since m1 —n1 < m/2 < m —n where n1 < n is the degree of P).

The construction of the 0, +1 polynomial is similar; since

meas {x Z Zigt; (T

[\3\»—!

< p7]—0 ,m — Nq}
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we have at least 2V > p" distinct choices of (o(), ..., ¥n (2)) with | SN @i i(z)| <
ip, j=0,..,m— Ng. Thus we are guaranteed two (¢o(z), ..., ¥~ (2)), (Yo(a’),...,¥n(z"))
with

S @) =Y i@)F (mod p), 1=1,...,r.

i=0 i=0
Hence, taking ¢; = 3 (¢i(z) —¢i(z’)), we similarly obtain Zf‘v:o CiTjtiqg=0,7=0,...,m—
Ng, and Q(z%) = Zf\;o c;iz? is in A(X) (since m1 — N1g < m — N¢, where Nig < Ngq is
the degree of Q(z%)). O

Lemma 5.3. Suppose that 8; = o, i = 1,...,r, where a is a primitive root mod p, and
the 1 < ki1 < -+ < kr < p—1 are distinct integers, with t1,...,t; the distinct values of
r—1)/(p—1,ki).

Suppose that m is a positive integers satisfying m > 4T, T = [t1,...,t;], or for some

e>0

m > 10%(1 + &)(rlogp)(log(rlogp)) ™+,  and  p> C(e),

with k, ¢ as given in (4.1), and that n is a positive integer with
m <
n < m1n{4, Zqﬁ(t])} .
j=1
Then, with the z; and A as defined in (5.1) and (5.2) of Lemma 5.2, we must have
Z z7 > A.
i=0

Proof. We suppose on the contrary that > 2? < A. Let P(z) = 22:0 wizt, t < n, be
a polynomial of smallest degree in A(X).

We first show that all the nonzero roots of P(z) must be roots of unity. If m > 4T
then, since T is by Lemma 3.4 the period of the sequence z;, plainly 27 —1 is in A(X) with
T < imy, and by Lemma 5.1 we must have P(z)|z" — 1. Note that 7' > ijl o(t;) >r
(the first inequality follows since the roots of z” — 1 include the ¢(t;) primitive t;th
roots of unity for j = 1,...,J, the second since the number of exponents k; with t; =
(p—1)/(p— 1, k:) s at most 6(t;)).

Otherwise, suppose that P(z) has a nonzero non-cyclotomic root z; with conjugates
21, .., zns. Take s = (14 3e)c(logm)' ™ then plainly s > (14 o(1))logn for sufficiently
large p and by Lemma 3.3 we can find a prime ¢ in (s,2s) such that the z] are distinct.

Now

2 3 e 1
Ng < 2sN < logCZ (1+ 15) (rlog p)(logm)* ™" < 5m1,
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so by Lemma 5.2 there is a 0, +1 polynomial Q(z7) in A(X) with deg(Q(z7)) <
hence P(z)|Q(2%). But for p > C(¢)

log(N + 1)
log A\»,

%ml and

< (1 + és) log(rlog p)c(logn)™ < (1 + is) c(logm)'™ < s < q

and Lemma 4.1 implies that the non-zero roots of P(z) are in fact all roots of unity.
Now since P(z) € A(X) we have
t T

> wi <Z azﬁfj) =aP(B)B] +-++arP()5 =0 (mod p) ,

i=0 =1
for j =0,...,m1 —t, and, since m1 —t > mi; —n >m/4—1>r—1and p1a;, by Lemma
3.4 we must have P(8;) = 0 (mod p) for each ¢ = 1,...,7. Thus from Lemma 3.5, since
it consists only of cyclotomics (or powers of z), P(z) must contain a cyclotomic factor of

the form @tjpﬂj (z), pj >0, for each j =1,...,J, and

J J
n > deg(P) > ¢(t;p") > #(t;):
j=1 j=1
For n < ijl ¢(t;) this is a contradiction. So 31" 7 > A as claimed. O

6. PROOF OF THEOREM 1.1 AND COROLLARY 1.1

We shall prove the following more precise form of Theorem 1.1. Let f(z) = Y.7_, c;z™
be a polynomial over Z with p { cic2--- ¢, and define t;, = (p —1)/(p — 1,k:) and o =
ijl o(t;) as before (1.11), (1.12). Let ¢, k be values such that the Mahler measure lower

bound (4.1) holds as indicated.

Theorem 6.1. Suppose that € > 0 and that

8c

6.1) m:min{4[t1,...,tJ], [(1+e)m

(rtog ) 1og(r o)+ }.

where in the latter case we also assume that p > C(g). Then

S (@) (p—1)

Sp— 1 r\1/072"
4(m + 1) log(4m)[ 3 (2p") /7]

Proof. From Lemma 5.3 we have

S 1) > A
i=0 SB(%T)WW log(4m)

2

for any polynomial F(z) =Y., a;z", p { a;, and primitive root a mod p, and positive
integer n < min{m/4,o0}. Hence from Lemma 3.1
(r—1)
=
4(m + 1) log(4m) [} (2p7) 7|

<p-—

> en(f(2)
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When o < m/4 taking n + 1 = o gives the desired result. If m/4 < o = Z}'I:1 o(t;) <
[t1,...,ts] then m = [(1+4 €)% (rlogp)(log(rlogp))' "] and choosing n + 1 = [m/4]
gives

[3@n@] < [Fenm] < [3aven| =12 [Fe?]

for p > C(e1), and the result is plain.

Proof of Corollary 1.1. From (6.1) we have

é (1-¢)
2 e < <1 25 (rlogp)(log(rlog )+ (;@pwfﬂz)
for p > C(g). The three bounds of parts (i), (ii) and (iii) of the corollary follow when
(2p)r/" < ng“*s), 2(r logp)5/4, 2 respectively (using the rough bounds rp°¢ and (r log;z))H%6
for %(r log p)(log(rlog p))*>™™ in (i) and (ii)). Thus it is enough to obtain o =
ST_16(ty) 2 Ar with A = 5y, o dosr o 1esp)
We first show that if p — 1 > Bd with B sufficiently large then Z}le o(tj) > Ar.

Observe that, since the k; < d < (p—1)/B,

respectively.

ri={ki=XNv; : (ki,p—1)=v;} <N <t5/B 0 (N, ty) = 1}

For the large ¢; > B2, with B > B(e), we use that

o= @[3 < x@ + 200

n<z,(n,t)=1 d|t
to obtain
(62) r]§%+2 (t7)§(1+€) (BJ)
For the small t; < B?> and B > B(e) we have
ti _ 9(t5) t log log B
6.3 <A< J <1 ¥ £
(6:3) ""=B="B gaB}éd)(t)—(‘f') B o(t5),

and hence
J loglog B J 1<
r= Z ry < (1+ E)G’YT Z P(t;) < a Z o(t5),
j=1 Jj=1

as long as B > B(e) and B > (1 +¢)e” Aloglog A.

To obtain a more explicit dependence that avoids the B(e), observe that for u =
log5/log11 we have ¢(t)/2) > 3(t/210)* and for v = log(11/10)/log(11) we have
t/o(t) < 25(¢/210)". We assume that A > 1 since trivially r; < ¢(t;). For the large t;
with 2¢() < C¢(t;)/B, C > 1, we have as in (6.2) that

B(t;) < 2C¢>(tj)

ry <(14+C) B B
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while for the small ¢; with 3(¢/210)" < ¢(t)/2°® < B/C, as in (6.3),

) v v/u )
< Bl g(i) S@(g) o(t;)
B t<210(B/3C)1/u 8 210 8 3C B

Choosing C' = %(163/105)“/(““) we thus have

u/(u+v)
2 (105 o(t;)
< 2 .
"i=3 <1GB> ots) < =4

and Y7, ¢(t;) > Ar for B > 12 (24/3)ls(11/2)/ 185,

The bounds involving k and r follow from making ¢1 = (p — 1)/k large enough that
the first term of the sum gives ¢(t1) > (1 —€)e™ Vt1/loglogts > Ar, t1 > t1(e), or more
explicitly ¢(t1) > 2 (210)"¢;"" > Ar for t1 > 210(Ar/48)'s 11/ 1oa 10, O

7. PROOF OF THEOREM 1.2

The proof uses a method that was applied to binomials by Akulini¢ev [1]. Let f =
fi+ fa+---+ fs asin (1.10). We proceed inductively on J. Suppose that v; { vr,. Write
F(z) = f(z) — fij(z) = Z(ki,p_l)?ﬁl}j c;iz™, and set

Y={1<y<p:y" =1modp}, |Y|=uv,.

Applying the Cauchy-Schwartz inequality gives

Yo enlf(ay))

yeY z=1

Yo elf@)] =

=1

Uj

P

Y enlfi(@) Y en(F(ay))

x=1 yey

() (5

=1 =1

> en(F(zy)

yey

2);

:p%( 3 Zepw(myl)F(xyz))) :

Y1,y2€Y z=1

Now if yi* # y5* mod p, then F(wy:) — Flaya) = 3 1)s, Gy — y5')a™ is a

polynomial containing exponents kL. By induction

<p (1 _ ML_Q(;(/JL)) .

mod p we use the trivial bound p for this sum. Now

/4

> en(F(ayr) — F(xys))

=1

For the remaining y;* = y,*

Hyi,y2 €Y : " = yy» mod p}| = v;(vj,vr),

and thus

P

Y en(f(2))

r=1

Nl=

< (63 = o500 (1= 580) ) + pus(os,00) )

Uj
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Hence, since v; { vz,

Y en(f(@))

=1

<p (1 = (1 - (vj;]éL)) Z(Jklg) :
<p (1 - ;ﬁffﬁ) <p (1 - ‘i(ffl)) -

8. PROOF OF THEOREM 2.1 AND ITS COROLLARIES

Suppose that 1 < k1 < --- <k < p—1 with (k;,p—1) =k for all ¢ and p — 1 = kt.

We write

i) = G

where ®,(z) is the t-th cyclotomic polynomial, and

S = {f(nc) :Zaixki EZ[x]}.

Take L, M to be the s = ¢(t) dimensional lattices

L={b=(bo,....br_1) €Z" : bo+brz+-- +b_12'"" = ¢ ()0(z) for some 0 € Z[z]},

M:{EEL : bizf(ozi) mod p,i =0,...,t — 1, for some f € S},

where a is a primitive root mod p. Clearly the coefficients of z74;(z), j =0, ..., s — 1 form
a basis for L and pL C M C L.

We assume that

and consider the convex symmetric subset of R*
Ve = {(u1,...,us) €R® : |Jurdi + - - + usds||oo < R}
Writing A for the matrix whose ith column is @;j, by Theorem 1 of Vaaler [23]
Vol(Vr) = (2R)SV01(V%)

= @R)" [y (AT (@) > (2R)"d(0M)

1

where d(M) is the lattice constant d(M) = |det(AT A)|2 (this is independent of the basis
ai,...,as of M). Hence, by Minkowski’s Theorem, if R = d(M)l/s we are guaranteed a
non-zero (ui,...,us) € Z° in Vg, giving a non-zero element of M with entries bounded by
R. Hence ||f(a?)]] < Rfori=0,....,t — 1 for some f € S (and, since f(a') = f(a’) mod
p for i =4 mod t, we have ||f(z)|| < R for all integers x).
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Now from the canonical basis theorem for sublattices of lattices,

= |L/pL|
|M/pL|

M) _
W—| /

We have |L/pL| = p° since the coefficients of the x7¢(x) are still linearly independent
mod p. By Lemma 3.5 we have ®;(&") = 0 (mod p) for a& = 1 (mod p), giving
®,(z) = (a*z — 1)H;(x) (mod p) for some integer polynomials H;, i = 1,...,r, and
kit t
T4+afz+ - 4aft Dt = %__11 = ¢(x)H;(z) (mod p).

Thus, writing 3; = o, we are guaranteed vectors b_;, i = 1,...,r, in M with by =
(1, Biy -, B171) (mod p). Plainly these b; generate M /pL. Moreover, since t —1 > r — 1,
they are linearly independent over Z/pZ (if uiby + -+ + u,b, = 0 (mod p) then Lemma
3.4 gives u; = 0 (mod p)).

Thus |M/pL| = p” and R = d(L)Y/*p*~"/. The result follows since d(L) = C(t)° (see
the proof of Theorem 6 in [19]).

Finally, for the estimate on the size of C'(¢) observe, using ¢ to denote an odd prime,
that for any X >0

log q log q log q
QIOgC(t):Zq_ﬁSZq_1+ Yoo

qlt q<X a>X,q|t

logt

1
<log X +0O(1) + YZIqu <log X +0O(1) + ~

q|t

Taking X = log ¢ thus gives log C(t) < 1loglogt + O(1) and C(t) = O(+/log ).

Proof of Corollary 2.1. Observe that if the integer polynomial F' satisfies ||F(z)|| < Ap

for all x then

>

> en(F())

S (5|
zz_j (_;(%Hiw)?)

P (1 - 27T2A2) .

A\

From Theorem 2.1 we have polynomials f;, j = 1,...,J, with ||f;(z)]] < C(t;)p*~"3/**)
for all z, and hence an f = f1 +--- + f; with ||f(z)]| < Z;']:1 C(t;) max; p' ~"3/?t) for
all z, and thus (2.3), (2.4) are plain.

For (2.5) take « to be a primitive root mod p and A such that 1/A = {pr/TJ . For each
d@ = (a1,...,ar), 0 < a; < p, consider the values of >"7_, a;a”' (mod p), 1 =0,...,T — 1.
Since p" > [1/ A}T we are, by the box principle, guaranteed two @,da’, whose values lie

within pA of each other for all I = 0,..,T — 1. Taking ¢; = a; — aj thus gives a non-trivial
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polynomial f(z) = 3°7_, c;z® with ||f(a)|| < pA for I = 0,..,T. As o' = oFi" (mod
p) for I =1’ (mod T) we have ||f(z)|| < pA for all integers z. O

9. THE POLYNOMIAL WARING PROBLEM

Lemma 9.1. Suppose that Fi(z), ..., F,(x) are integer polynomials with > 7 _, e, (jFi(x)) <
p(1 —6;) for any (4,p) =1. If 61 +--- 4+ 64 > logp then

Fi(z1)+ -+ Fy(zy) =N (mod p),

has an integer solution for all N.

Proof. Since } %_, ep(ju) = p if u =0 (mod p) and 0 otherwise, the number of solutions

to Fi(z1)+ -+ Fy(zy) = N (mod p) in S = {Z = (z1,...,z4) : 1 <z < p}is just

|
-

P Yop

eo(—iN) [[ 32 en(GFian)

i=la;=1

%Z Yo eli(Fi(@) + -+ Fy(wy) = N)) =p" " +

j=1zes J

SR

1
-

—1
>p'T —p"

—

(1—4d:)

s
Il
—

> p"_l(l —pexp(—=(01 4+ -+ 45))) >0,
if 61 +---+ 0y > logp. O

The above lemma immediately gives the bound v(f,p) < [log p/é(E)] mentioned in the
introduction. Hence from Corollary 1.1 (i), we have v(f,p) < rp® once p > C(e)d, and
v(f,p) < (rlog®p)'™ once p > C(e)dlogd/(loglogd)' . Once p > 2d* using the Weil

bound in the proof of Lemma 9.1 yields a better bound, as indicated in the introduction.
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