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Abstract. We give estimates for the exponential sum
∑p

x=1 exp(2πif(x)/p),

p a prime and f a non-zero integer polynomial, of interest in cases where the

Weil bound is worse than trivial. The results extend those of Konyagin for

monomials to a general polynomial. Such bounds readily yield estimates for

the corresponding polynomial Waring problem mod p; namely the smallest γ

such that f(x1) + · · · + f(xγ) ≡ N (mod p) is solvable in integers for any N .

1. Introduction

For any polynomial f(x) over Z and prime p let S(f, p) denote the complete exponential

sum

(1.1) S(f, p) =

p∑
x=1

ep(f(x)),

where ep(·) is the additive character ep(·) = e
2πi·

p . It is well known that bounds for such

sums imply corresponding estimates for the number of solutions of certain congruences.

For instance, if f is the monomial f(x) = xd then from the elementary bound of Gauss,

|S(xd, p)| ≤ (d− 1)
√
p, one obtains (as in Lemma 9.1) that the number of solutions of the

congruence

(1.2) xd
1 + xd

2 + · · ·+ xd
γ ≡ N (mod p)

is at least

pγ−1

(
1− p

(
√
p/(d− 1))γ

)
for any integer N . Waring’s problem mod p is the determination of the smallest integer

γ = γ(d, p) such that (1.2) can be solved for all N . If p > (d− 1)6 one obtains γ(d, p) ≤ 3,

that is, every integer may be represented as a sum of three d-th powers (mod p). More

generally, if p ≥ (d − 1)2+ε then γ(d, p) ≤ d 4
ε
e + 2. However, for p < (d − 1)2 the bound
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of Gauss is trivial and therefore implies nothing about Waring’s problem. For primes in

this interval nontrivial bounds for Gauss sums have been obtained over the past decade

by Shparlinski [20], [21], Konyagin [14], [15], Mullen and Shparlinski [18], Konyagin and

Shparlinski [16] and Heath-Brown and Konyagin [11]. The bound of particular interest to

us here is Konyagin’s [14, Theorem 1],

(1.3) |S(axd, p)| ≤ p

(
1− cε

(log d)1+ε

)
,

for d ≥ 2, p - a and p ≥ d log d/(log(log d + 1))(1−ε). Although modest in strength, the

importance of this bound is that it is nontrivial for values of p very small relative to

d. Combining this bound with a result of Bovey [2], Konyagin was able to resolve (in

the affirmative) the conjecture of Heilbronn that for the mod p Waring problem one has

γ(d, p) �ε d
ε provided that p/d ≥ C(ε). Further estimates for γ(d, p) have been obtained

by Chowla [4], Chowla, Mann and Straus [5], Dodson [7], Dodson and Tietäväinen [8],

Garcia and Voloch [9] and Tietäväinen [22].

Consider now a general polynomial f(x) of degree d, and let γ(f, p) be the smallest γ

such that

f(x1) + · · ·+ f(xγ) ≡ N (mod p)

can be solved in integers for all N . By an application of the Cauchy-Davenport Theorem,

Carlitz, Lewis, Mills and Straus [3] proved that for any f ,

(1.4) γ(f, p) ≤ d for p > d,

generalizing the same bound of Hardy and Littlewood [10, p. 533] for monomials. The

authors are unaware of any other estimates of γ(f, p) for general f . The classical bound

of Weil [25], |S(f, p)| ≤ (d− 1)
√
p, implies (as above) that γ(f, p) ≤ 3 for p ≥ (d− 1)6 and

for p ≥ (d − 1)2+ε, γ(d, p) ≤ d 4
ε
e + 2. For p < (d − 1)2 and general f , it is a major open

problem to obtain nontrivial bounds for S(f, p). Mordell [17] established the bound

(1.5) |S(f, p)| ≤ (k1k2 · · · kr(p− 1, k1, k2, . . . , kr))
1
2r p1− 1

2r ,

for polynomials of the type

(1.6) f(x) = c1x
k1 + c2x

k2 + · · ·+ crx
kr , 1 ≤ k1 < · · · < kr < p− 1, p - c1 · · · cr,

but this bound is nontrivial only for a very restricted set of polynomials. Bounds of this

type were also obtained by Akulinichev [1] and Karatsuba [12] for binomials and other

special polynomials. Here we shall obtain an upper bound of the type (1.3) that remains

nontrivial for very general f(x).
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For a prime p and vector of exponents

~k = (k1, ..., kr), 1 ≤ k1 < · · · < kr < p− 1,

we are interested in obtaining bounds of the form

(1.7)

∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p
(
1− δ(~k)

)
that hold for all integer polynomials of the type (1.6). (We require kr to be strictly less

than p−1 to avoid the monomial xp−1, which is identically 1 on the set of nonzero residues

mod p.) Such bounds immediately yield (see Lemma 9.1) the estimate

(1.8) γ(f, p) ≤

⌈
log p

δ(~k)

⌉
.

In particular, analagous to the Heilbronn conjecture for monomials, our bound (Corollary

1.1) implies that for any ε > 0, γ(f, p) ≤ rdε for all polynomials (1.6) of degree d with r

terms and p/d ≥ C(ε). It is not clear to us at present whether the dependence on r in

this estimate can be removed.

We write

(1.9) v1 < · · · < vJ

for the set of distinct (ki, p − 1) that occur in ~k. Then f(x) can be broken down into a

sum of J polynomials

(1.10) f(x) = f1(x) + · · ·+ fJ(x)

where for j = 1, ..., J , the exponents ki occuring in fj(x) all have the same value (ki, p−

1) = vj . Define

(1.11) rj = |{ki : (ki, p− 1) = vj}|, tj = (p− 1)/vj ,

and set

(1.12) σ =

J∑
j=1

φ(tj),

with φ being the Euler totient function. Our main theorem is

Theorem 1.1. For any polynomial f as in (1.6) and prime p ≥ p0,∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p

(
1− 1

(r log p) log5(r log p) p2r/σ

)
.
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The factor p2r/σ on the right-hand side is necessary as we show in the next section, but

it is an open question whether the factor r (in the denominator) can be eliminated when

p/d � 1. The proof of the theorem follows the line of argument developed by Konyagin

in [14]. We have sharpened, refined and extended each step of his work, but no doubt

there is still more to be reaped from his ingenious method. Our results not only generalize

his from monomials to polynomials, but in addition sharpen the results he obtained for

monomials. They also encompass the bound for monomials obtained by Konyagin and

Shparlinski (by a different method) in [16, Theorem 4.2].

A more precise version of Theorem 1.1, given in Theorem 6.1, reflects the dependence

of the result on the currently best available lower bound for the Mahler measure of an

integer polynomial having a nonzero root which is not a root of unity.

There are two other ways of stating our main result which may be of more use in

practice. In terms of the degree of the polynomial f we obtain:

Corollary 1.1. Let f(x) be an integer polynomial of degree d as in (1.6). Then

(i) Form for small p. For an arbitrary δ > 0, if p ≥
(

9

δ1.06

)
d and p ≥ C(δ), then

∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p

(
1− 1

rpδ

)
.

(ii) Analogue of (1.3). For any ε > 0, if p ≥ d log d

(log(r log d))1−ε
and p ≥ C(ε) then

∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p

(
1− 1

(r log p)1+ε

)
.

(iii) Precise form for slightly larger p. Let c, κ be the constants defined in (4.1) below, and

γ Euler’s gamma constant. For any ε > 0, if p ≥ (1+ε)eγ

log 2
d log d log log log d and p ≥ C(ε)

then ∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p

(
1− (1− ε)

32
log 2

c(r log p)(log(r log p))2+κ

)
.

Instead of using the degree d, the appropriate ranges can also be expressed in terms

of the minimal (ki, p − 1), k := v1, occurring in f and the number of terms r; the three

bounds (i), (ii) and (iii) holding when

(1.13)

p ≥ 7.7(r/δ)1.05k, p ≥ p(δ),

p ≥ (kr) log(kr)

(log(r log(kr)))1−ε
, p ≥ p(ε),

p ≥ (1 + ε)eγ

log 2
(kr) log(kr) log log(r log(kr)), p ≥ p(ε),
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respectively. The first bound can also be made asymptotically precise in terms of the r

dependence; for any ε > 0

p ≥ (1 + ε)eγk

(
2r

δ

)
log log

(
2r

δ

)
, p ≥ p(εδ).

Recalling the decomposition f = f1 + f2 + · · · + fJ given in (1.10) and the definition

of δ(~k) in (1.7), we note that in many cases a bound for S(f, p) can be obtained directly

from bounds for the S(fi, p). We write ~kj for the vector of exponents occuring in fj .

Theorem 1.2. Suppose that there is a value L ≤ J such that vj - vL for all j 6= L. Then

δ(~k) ≥ 1

4J−1
δ( ~kL).

It is not clear whether the result still holds when there are vj |vL - in that case the

method of proof requires us to add all the ~kj with vj |vL to the vector ~kL on the right-

hand side.

2. Lower bound examples

We give examples showing the need for the term p2r/σ in Theorem 1.1 for ‘small’ p

(with sharpness when J = 1, or where we can reduce to the case of smallest rj/φ(tj) using

Theorem 1.2). Since

min
j

rj

φ(tj)
≤ r∑J

j=1 φ(tj)
≤ max

j

rj

φ(tj)
,

the worst bounds would seem to arise for polynomials having J = 1.

For these lower bound examples we show the existence of polynomials with f(x) ap-

propriately small mod p for all x. For any real number u we define

(2.1) ||u|| = min
k∈Z

|u− kp|.

Theorem 2.1. For a set of exponents (k1, ..., kr), 1 ≤ k1 < · · · < kr ≤ p − 1, with

(p − 1, ki) = k for all i, p − 1 = kt, there is an integer polynomial f(x) =
∑r

i=1 aix
ki ,

non-zero mod p, with

(2.2) ||f(x)|| ≤ C(t)p1−r/φ(t), C(t) =
∏
q|t

q
1

2(q−1) �
√

log t,

for all integers x, the product being over the distinct odd prime divisors q of t.

By contrast, Lemma 5.3 below will show that for any such polynomial there must be

an integer x with

||f(x)|| ≥ p1−r/φ(t)

4
√
m log 4m

, m = min{4t, cε(r log p)1+ε}.



6 TODD COCHRANE, CHRISTOPHER PINNER, AND JASON ROSENHOUSE

Corollary 2.1. For any vector of exponents ~k = (k1, ..., kr) and corresponding vj as in

(1.9), there are integer polynomials

fj(x) =
∑

(p−1,ki)=vj

cix
ki , 1 ≤ j ≤ J and f(x) = f1(x) + · · ·+ fJ(x),

each nonzero mod p, satisfying

(2.3)

∣∣∣∣∣
p∑

x=1

ep(fj(x))

∣∣∣∣∣ ≥ p

(
1− 2π2C2(tj)

p2rj/φ(tj)

)
, j = 1, ..., J,

and

(2.4)

∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≥ p

(
1−

2π2∑J
j=1 C

2(tj)

minj p2rj/φ(tj)

)
,

with C(tj) = O(
√

log tj) as in Theorem 2.1.

There is also an integer polynomial f(x) =
∑r

i=1 aix
ki , nonzero mod p, with

(2.5)

∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≥ p

(
1− 2π2

bpr/T c2

)
, T = [t1, ..., tj ].

We immediately obtain:

Corollary 2.2. For any A > 0, positive integers k, r and prime p <
1

A
(kr)

log(kr)

log(r log(kr))
with k|(p− 1), there is an f(x) =

∑r
j=1 cjx

jk, of degree d ≤ rk, with∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≥ p

(
1− 4π2

(r log p)A

)
.

Also, for any 0 < δ < 2, 0 < ε < 1
2

and prime p of the form p = 1 + kt with t ≥ t(ε, δ),

there exists a polynomial f(x) =
∑r

i=1 cix
jik, (ji, t) = 1 for all i, r =

⌈
1
2
(1 + 3

2
ε)δφ(t)

⌉
,

with p ≥ (1− 2ε)
(

2
δ

)
d, and∣∣∣∣∣

p∑
x=1

ep(f(x))

∣∣∣∣∣ ≥ p

(
1− 1

pδ(1+ε)

)
.

If t = p1 · · · pn (where pi is the i-th prime) then for these polynomials we have p ≥

(1− 2ε)eγk
(

2r
δ

)
log log

(
2r
δ

)
.

These lower bounds generalize the results of Konyagin [14], and Konyagin & Shparlinski

[16] and Powell [19], for monomials. Other lower bounds occur in Karatsuba [12].

3. Preliminary Lemmas

We first transform the exponential sum problem into one of obtaining lower bounds for

sums of the form
∑m

i=0 ||f(αi)||2, where α is a primitive root mod p.
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Lemma 3.1. Suppose that f(x) is an integer polynomial of the type (1.6) and α is a

primitive root mod p. If
∑m

i=0 ||F (αi)||2 ≥ A for any integer polynomial of the form

F (x) =
∑r

i=1 aix
ki , p - ai for all i, then∣∣∣∣∣

p∑
x=1

ep(f(x))

∣∣∣∣∣ ≤ p− 2A(p− 1)

(m+ 1)p2
.

Proof. First note that since | sin y| ≥ 2
π
|y| for |y| ≤ π

2
, one has

cos(2y) = 1− 2 sin2(y) ≤ 1− 8

π2
y2,

for |y| ≤ π
2
. Choosing x0 ∈ R suitably we have∣∣∣∣∣

p−1∑
x=1

ep(f(x))

∣∣∣∣∣ = <e
p∑

x=1

ep(f(x)− x0)

=

p∑
x=1

cos

(
2π

p
||f(x)− x0||

)

≤ cos

(
2π

p
|| − x0||

)
+

p−1∑
x=1

(
1− 8

||f(x)− x0||2

p2

)

≤ p− 8

p2

p−1∑
x=1

||f(x)− x0||2.

Observe that for any real number x0

p−1∑
x=1

||f(x)− f(xα)||2 =

p−1∑
x=1

||f(x)− x0 + x0 − f(xα)||2

≤
p−1∑
x=1

2||f(x)− x0||2 +

p−1∑
x=1

2||f(xα)− x0||2

=

p−1∑
x=1

4||f(x)− x0||2.

Thus for f(x) =
∑r

l=1 clx
kl we have

p−1∑
x=1

||f(x)− x0||2 ≥
1

4

p−1∑
x=1

||f(x)− f(xα)||2 =
1

4

p−1∑
x=1

∣∣∣∣∣
∣∣∣∣∣

r∑
l=1

cl(1− αkl)xkl

∣∣∣∣∣
∣∣∣∣∣
2

,

where

p−1∑
x=1

∣∣∣∣∣
∣∣∣∣∣

r∑
l=1

cl(1− αkl)xkl

∣∣∣∣∣
∣∣∣∣∣
2

=
1

m+ 1

m∑
i=0

p−1∑
y=1

∣∣∣∣∣
∣∣∣∣∣

r∑
l=1

cl(1− αkl)(yαi)kl

∣∣∣∣∣
∣∣∣∣∣
2

=
1

m+ 1

p−1∑
y=1

m∑
i=0

∣∣∣∣∣∣Fy(αi)
∣∣∣∣∣∣2 ≥ (p− 1)A

(m+ 1)
.

�
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The following is a slightly cleaner version of Theorem 5, Chapter 2, §2 of [13]:

Lemma 3.2. The Rademacher functions, {ψn(x)}∞n=0, on [0, 1),

ψn(x) = 1, if x ∈ [ i
2n ,

(i+1)
2n ), 0 ≤ i < 2n, i even,−1, if x ∈ [ i

2n ,
(i+1)
2n ), 0 ≤ i < 2n, i odd,

satisfy

meas

{
x ∈ (0, 1) :

∣∣∣∣∣
L∑

i=0

aiψi(x)

∣∣∣∣∣ ≥ λ

}
≤ 2 exp

(
−1

2
λ2/

L∑
i=0

a2
i

)
.

Proof. Clearly if f is a non-negative function on (0, 1) then∫ 1

0

f(u)du ≥ t meas{x ∈ (0, 1) : f(x) ≥ t}.

Hence for p(x) =
∑L

i=0 aiψi(x) and any positive z we have

meas{x ∈ (0, 1) : |p(x)| ≥ λ} = meas{x ∈ (0, 1) : ez|p(x)| ≥ ezλ}

≤ e−zλ

∫ 1

0

ez|p(u)|du

≤ e−zλ

∫ 1

0

(
ezp(u) + e−zp(u)

)
du

= 2e−zλ 1

2L+1

∑
±

ez(±a0±···±aL)

= 2e−zλ
L∏

i=0

1

2
(ezai + e−zai).

Observing that

cosh(u) = 1 +

∞∑
i=1

u2i

(2i)!
≤ 1 +

∞∑
i=1

u2i

2ii!
= e

1
2 u2

gives

meas{x ∈ (0, 1) : |p(x)| ≥ λ} ≤ 2 exp

(
−zλ+

1

2
z2

L∑
i=0

a2
i

)
,

and choosing z = λ/
∑L

i=0 a
2
i yields the desired bound. �

Next we give an asymptotically sharp version of Dobrowolski’s [6] Lemma 3.

Lemma 3.3. Suppose that α is algebraic with conjugates α1, ..., αn.

Let L(r) := |{i : αr
i = αr}|, and P := {primes p : L(p) > 1}. Then for n ≥ n(ε)

|P | ≤ (1 + ε)
logn

log logn
,

and thus for any s ≥ (1 + ε) logn the interval (s, 2s) always contains a prime q such that

the αq
i are all distinct.
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Proof. Note that the minimum polynomial gr(x) for αr is also the minimum polynomial for

the remaining αr
i (since any automorphism of the corresponding splitting field σ : α 7→ αi

fixes gr). Therefore

fr(x) :=

n∏
i=1

(x− αr
i ) = gr(x)

L(r),

and L(r) remains unchanged if we replace α by one of its conjugates. It follows that

L(r) = n/[Q(αr) : Q] = [Q(α) : Q(αr)].

We first show that for a prime p

L(rp) = L(r), pL(r) or ζp ∈ Q(αr)

where ζp denotes a pth root of unity. If F = xp − αrp is irreducible over Q(αrp) then

plainly

L(rp)/L(r) = [Q(αr) : Q(αrp)] = p,

so we can assume that F factors. Since the roots are ζj
pα

r, j = 0, ..., p−1 the constant term

of the minimum polynomial (for αr over Q(αrp)) must take the form ζk
pα

rl for some l < p.

Hence taking Jl ≡ 1 (mod p) we have ζJk
p αr ∈ Q(αrp). If ζJk

p = 1 then L(rp) = L(r),

otherwise Q(αr) contains the pth roots of unity.

Now, as shown in [6],

(r, s) = 1 ⇒ L(rs) ≥ L(r)L(s).

Indeed, each of the L(r) conjugates αi with αr
i = αr will have L(s) conjugates αj with

αs
j = αs

i (and thus αrs
j = αrs) where these sets must be distinct; since αs

j = αs
i = αs

i′ ,

αr
i = αr

i′ would give αi = α
gcd(r,s)
i = α

gcd(r,s)

i′ = αi′ . It follows from this inequality that if

p - r and L(p) > 1 then L(pr) 6= L(r). Thus if p ∈ P with p - r, then either L(pr) = pL(r)

or ζp ∈ Q(αr).

Next we observe that a field containing the rth and sth roots of unity with (r, s) = 1,

must contain the (rs)th roots of unity. By considering the primes of P in turn, we can

write P = P1 ∪ P2, r =
∏

p∈P1
p, t =

∏
p∈P2

p so that

L(r) = r, ζt ∈ Q(αr).

Therefore

n = rn/L(r) = r[Q(αr) : Q] ≥ r[Q(ζt) : Q] = rφ(t),

and, taking logs, ∑
p∈P

log(p− 1) ≤ logn.
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Since the sum over the first k primes
∑k

i=1 log(pi− 1)∼k log k we must clearly have |P | ≤

(1+o(1)) logn/ log logn. The second claim follows from the prime number theorem π(2s)−

π(s)∼s/ log s. �

Lemma 3.4. Suppose that β1, ..., βr are distinct integers modulo p. If

u1β
j
1 + · · ·+ urβ

j
r ≡ 0 (mod p), j = 0, ..., r − 1,

then the ui ≡ 0 (mod p), i = 1, ..., r. In particular, if α is a primitive root mod p then, for

a polynomial of the form (1.6) with values tj as in (1.11), the sequence xi ≡ f(αi) (mod

p) has period [t1, ..., tJ ].

Proof. The first part follows immediately on observing that the matrix

A =

(
1 . . . 1β1 . . . βr

...
...βr−1

1 · · ·βr−1
r

)
has Vandermonde determinant |detA| =

∏
i<j |βi − βj | 6≡ 0 (mod p).

For the second part, writing βi = αki , the sequence f(αi) has period T if and only if

c1(β
T
1 −1)βj

1 + · · ·+ cr(β
T
r −1)βj

r ≡ 0 (mod p) for all j. Thus one must have βT
i ≡ 1 (mod

p), that is, (p−1)
(ki,p−1)

|T for all i. �

Lemma 3.5. Suppose that β = αk where α is a primitive root mod p and that t =

(p− 1)/(p− 1, k). Then the nth cyclotomic polynomial Φn(x) satisfies

Φn(β) ≡ 0 (mod p) ⇔ n = pµt for some µ ≥ 0.

Proof. Observe, from the relations Φpµs(x) = Φps(x
pµ−1

) and Φps(x) = Φs(x
p)/Φs(x) for

(s, p) = 1, that Φpks(x) ≡ Φs(x)
φ(pk) (mod p). Thus we may assume that µ = 0. In this

case the result is just [24, Lemma 2.9]. �

4. Mahler measure and Lehmer’s problem

Recalling the definition of the Mahler measure, µ(F ), of a polynomial

F (x) = aN

∏N
i=1(x− αi),

µ(F ) = |aN |
N∏

i=1

max{1, |αi|},

we shall assume that c and κ are constants such that for any ε > 0 we have a lower bound

of the form

(4.1) log µ(F ) ≥ (1− ε)

c(logN)κ
,

for all polynomials F (x) in Z[x] of degree N ≥ N(ε) containing a nonzero root which is

not a root of unity. By a result of Dobrowolski [6] we can take κ = 3 with c as small as
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we like. The unresolved problem of Lehmer amounts to the claim that we can take κ = 0,

with perhaps c = 1/ log(1.17628...).

We need a lower bound on the Mahler measure to apply the following result of Konyagin

[14, Lemma 3].

Lemma 4.1. Suppose that P is an irreducible integer polynomial of degree n ≥ 2 whose

roots satisfy zq
i 6= zq

j for i 6= j. Suppose that λn is a lower bound for the Mahler measure of

an irreducible integer polynomial of degree at most n with a nonzero non-cyclotomic root,

and Q a polynomial of degree N with coefficients from {0, 1,−1}. If q > log(N+1)/ log λn

and P (z) divides Q(zq) then the roots of P are all roots of unity.

5. The family of polynomials Λ(X) and the Main Lemmas

For a set of integers X = (x0, ..., xM ), define Λ(X) to be the set of polynomials p(z) =∑n
i=0 aiz

i, an 6= 0, in Z[x] with n ≤ M and
∑n

i=0 aixi+j = 0 for j = 0, ...,M − n. We

will use the following property of Λ(X) established by Konyagin [14, Lemma 5 and its

Corollary].

Lemma 5.1. If P1, P2 are in Λ(X) with deg(P1P2) ≤ M then gcd(P1, P2) ∈ Λ(X). In

particular if Λ(X) contains a polynomial P0 with deg P0 ≤ 1
2
M then the polynomial of

minimal degree in Λ(X) is unique (to within a constant) and must divide P0.

In the next two lemmas we generalize and refine the main lemma of Konyagin’s work

[14, Lemma 6].

Lemma 5.2. Suppose that p is a prime, n,m positive integers with

n ≤ 1

4
m,

and x0, ..., xm integers satisfying

(5.1) xi ≡ a1β
i
1 + · · ·+ arβ

i
r (mod p), i = 0, ...,m,

for some integers aj, βj coprime to p. Set

m1 :=

⌊
1

2
m

⌋
,

X := (x0, . . . , xm1),

N =

⌈
r
log p

log 2

⌉
,

and

(5.2) A :=
p2

8
⌈

1
2
(2pr)1/(n+1)

⌉2
log(4m)

.
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Assume that
m∑

i=0

x2
i ≤ A.

Then there exists a nonzero integer polynomial P1(z) =
∑n

i=0 biz
i in Λ(X). Further, for

any positive integer q with

Nq ≤ 1

2
m1

there exists a nonzero integer polynomial Q(z) =
∑N

i=0 ciz
i with the ci = 0,±1 and Q(zq)

in Λ(X).

Proof. Let ~b be a vector ~b = (b0, ..., bn) in Nn+1 with 1 ≤ bi ≤ B :=
⌈

1
2
(2pr)1/(n+1)

⌉
. For

0 ≤ j ≤ m− n we have by Lemma 3.2 that

meas

{
x ∈ (0, 1) :

∣∣∣∣∣
n∑

i=0

bixi+jψi(x)

∣∣∣∣∣ ≥ 1

2
p

}
≤ 2 exp

(
−1

8
p2/

n∑
i=0

b2ix
2
i+j

)

≤ 2 exp

(
−1

8
p2/AB2

)
≤ 1

2m
.

Hence

meas

{
x ∈ (0, 1) :

∣∣∣∣∣
n∑

i=0

bixi+jψi(x)

∣∣∣∣∣ < 1

2
p, j = 0, ..,m− n

}
≥ 1

2
,

and there are at least 2n distinct (ψ0(x), ..., ψn(x)) with∣∣∣∣∣
n∑

i=0

bixi+jψi(x)

∣∣∣∣∣ < 1

2
p, j = 0, ..,m− n.

Since there are 2nBn+1 > pr choices of ~b and x we can find two pairs ~b′,x′ and ~b′′, x′′ with

n∑
i=0

b′iψi(x
′)βi

l ≡
n∑

i=0

b′′i ψi(x
′′)βi

l (mod p), l = 1, ..., r.

Thus taking bi = b′iψi(x
′)− b′′i ψi(x

′′) we have∣∣∣∣∣
n∑

i=0

bixi+j

∣∣∣∣∣ < p, j = 0, ...,m− n,

with
n∑

i=0

bixi+j ≡
r∑

l=1

alβ
j
l

(
n∑

i=0

biβ
i
l

)
≡ 0 (mod p), j = 0, ...,m− n.

Hence all the
∑n

i=0 bixi+j = 0, j = 0, ...,m − n and the non-zero polynomial P (z) =∑n
i=0 biz

i is in Λ(X) (since m1 − n1 ≤ m/2 < m− n where n1 ≤ n is the degree of P ).

The construction of the 0,±1 polynomial is similar; since

meas

{
x ∈ (0, 1) :

∣∣∣∣∣
N∑

i=0

xiq+jψi(x)

∣∣∣∣∣ < 1

2
p, j = 0, ..,m−Nq

}
≥ 1

2
,
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we have at least 2N > pr distinct choices of (ψ0(x), ..., ψN (x)) with
∣∣∣∑N

i=0 xiq+jψi(x)
∣∣∣ <

1
2
p, j = 0, ..,m−Nq. Thus we are guaranteed two (ψ0(x), ..., ψN (x)), (ψ0(x

′), ..., ψN (x′))

with
N∑

i=0

ψi(x)β
iq
l ≡

N∑
i=0

ψi(x
′)βiq

l (mod p), l = 1, ..., r.

Hence, taking ci = 1
2
(ψi(x)−ψi(x

′)), we similarly obtain
∑N

i=0 cixj+iq = 0, j = 0, ...,m−

Nq, and Q(zq) =
∑N

i=0 cix
qi is in Λ(X) (since m1 −N1q ≤ m−Nq, where N1q ≤ Nq is

the degree of Q(zq)). �

Lemma 5.3. Suppose that βi = αki , i = 1, ..., r, where α is a primitive root mod p, and

the 1 ≤ k1 < · · · < kr < p − 1 are distinct integers, with t1, ..., tJ the distinct values of

(p− 1)/(p− 1, ki).

Suppose that m is a positive integers satisfying m ≥ 4T, T = [t1, ..., tj ], or for some

ε > 0

m ≥ 8c

log 2
(1 + ε)(r log p)(log(r log p))1+κ, and p ≥ C(ε),

with κ, c as given in (4.1), and that n is a positive integer with

n < min

{
m

4
,

J∑
j=1

φ (tj)

}
.

Then, with the xi and A as defined in (5.1) and (5.2) of Lemma 5.2, we must have

m∑
i=0

x2
i > A.

Proof. We suppose on the contrary that
∑m

i=0 x
2
i ≤ A. Let P (z) =

∑t
i=0 wiz

i, t ≤ n, be

a polynomial of smallest degree in Λ(X).

We first show that all the nonzero roots of P (z) must be roots of unity. If m ≥ 4T

then, since T is by Lemma 3.4 the period of the sequence xi, plainly zT −1 is in Λ(X) with

T ≤ 1
2
m1, and by Lemma 5.1 we must have P (z)|zT − 1. Note that T ≥

∑J
j=1 φ(tj) ≥ r

(the first inequality follows since the roots of zT − 1 include the φ(tj) primitive tjth

roots of unity for j = 1, ..., J , the second since the number of exponents ki with tj =

(p− 1)/(p− 1, ki) is at most φ(tj)).

Otherwise, suppose that P (z) has a nonzero non-cyclotomic root z1 with conjugates

z1, ..., zn′ . Take s = (1 + 1
2
ε)c(logm)1+κ then plainly s > (1 + o(1)) logn for sufficiently

large p and by Lemma 3.3 we can find a prime q in (s, 2s) such that the zq
i are distinct.

Now

Nq < 2sN ≤ 2c

log 2

(
1 +

3

4
ε

)
(r log p)(logm)1+κ <

1

2
m1,
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so by Lemma 5.2 there is a 0,±1 polynomial Q(zq) in Λ(X) with deg(Q(zq)) ≤ 1
2
m1 and

hence P (z)|Q(zq). But for p ≥ C(ε)

log(N + 1)

log λn
≤
(

1 +
1

8
ε

)
log(r log p)c(logn)κ <

(
1 +

1

4
ε

)
c(logm)1+κ < s < q

and Lemma 4.1 implies that the non-zero roots of P (z) are in fact all roots of unity.

Now since P (z) ∈ Λ(X) we have

t∑
i=0

wi

(
r∑

l=1

alβ
i+j
l

)
= a1P (β1)β

j
1 + · · ·+ arP (βr)β

j
r ≡ 0 (mod p) ,

for j = 0, ...,m1 − t, and, since m1 − t ≥ m1 − n ≥ m/4− 1 ≥ r− 1 and p - ai, by Lemma

3.4 we must have P (βi) ≡ 0 (mod p) for each i = 1, ..., r. Thus from Lemma 3.5, since

it consists only of cyclotomics (or powers of x), P (z) must contain a cyclotomic factor of

the form Φtjp
µj (x), µj ≥ 0, for each j = 1, ..., J , and

n ≥ deg(P ) ≥
J∑

j=1

φ(tjp
µj ) ≥

J∑
j=1

φ(tj).

For n <
∑J

j=1 φ(tj) this is a contradiction. So
∑m

i=0 x
2
i > A as claimed. �

6. Proof of Theorem 1.1 and Corollary 1.1

We shall prove the following more precise form of Theorem 1.1. Let f(x) =
∑r

i=1 cix
ki

be a polynomial over Z with p - c1c2 · · · cr and define ti = (p − 1)/(p − 1, ki) and σ =∑J
j=1 φ(tj) as before (1.11), (1.12). Let c, κ be values such that the Mahler measure lower

bound (4.1) holds as indicated.

Theorem 6.1. Suppose that ε > 0 and that

(6.1) m = min

{
4[t1, ..., tJ ],

⌈
(1 + ε)

8c

ln 2
(r log p)(log(r log p))1+κ

⌉}
,

where in the latter case we also assume that p ≥ C(ε). Then∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p− (p− 1)

4(m+ 1) log(4m)d 1
2
(2pr)1/σe2

.

Proof. From Lemma 5.3 we have

m∑
i=0

||F (αi)||2 > p2

8
⌈

1
2
(2pr)

1
n+1

⌉2
log(4m)

for any polynomial F (x) =
∑r

i=1 aix
ki , p - ai, and primitive root α mod p, and positive

integer n < min{m/4, σ}. Hence from Lemma 3.1∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p− (p− 1)

4(m+ 1) log(4m)
⌈

1
2
(2pr)

1
n+1

⌉2 .
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When σ ≤ m/4 taking n + 1 = σ gives the desired result. If m/4 < σ =
∑J

j=1 φ(tj) ≤

[t1, ..., tJ ] then m =
⌈
(1 + ε) 8c

ln 2
(r log p)(log(r log p))1+κ

⌉
and choosing n + 1 = dm/4e

gives ⌈
1

2
(2pr)

1
n+1

⌉
≤
⌈

1

2
(2p)4r/m

⌉
≤
⌈

1

2
(1 + ε1)

⌉
= 1 ≤

⌈
1

2
(2pr)

1
σ

⌉
for p ≥ C(ε1), and the result is plain.

�

Proof of Corollary 1.1. From (6.1) we have∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p

(
1− (1− ε)

32c
ln 2

(r log p)(log(r log p))2+κ
⌈

1
2
(2p)r/σ

⌉2
)

for p ≥ C(ε). The three bounds of parts (i), (ii) and (iii) of the corollary follow when

(2p)r/σ < 2p
δ
2 (1−ε), 2(r log p)ε/4, 2 respectively (using the rough bounds rpδε and (r log p)1+

1
2 ε

for 32c
(1−ε) ln 2

(r log p)(log(r log p))2+κ in (i) and (ii)). Thus it is enough to obtain σ =∑J
j=1 φ(tj) ≥ Ar with A = 2

δ(1−ε)
, log p

log((r log p)ε/4)
, log(2p)

log 2
respectively.

We first show that if p − 1 ≥ Bd with B sufficiently large then
∑J

j=1 φ(tj) ≥ Ar.

Observe that, since the ki ≤ d ≤ (p− 1)/B,

rj = {ki = λivj : (ki, p− 1) = vj} ≤ |{λi ≤ tj/B : (λi, tj) = 1}| .

For the large tj ≥ B2, with B ≥ B(ε), we use that∑
n≤x,(n,t)=1

1 =
∑
d|t

µ(d)
[x
d

]
≤ x

φ(t)

t
+ 2ω(t)

to obtain

(6.2) rj ≤
φ(tj)

B
+ 2ω(tj) ≤ (1 + ε)

φ(tj)

B
.

For the small tj ≤ B2 and B ≥ B(ε) we have

(6.3) rj ≤
tj
B
≤ φ(tj)

B
max
t≤B2

t

φ(t)
≤ (1 + ε)eγ log logB

B
φ(tj),

and hence

r =

J∑
j=1

rj ≤ (1 + ε)eγ log logB

B

J∑
j=1

φ(tj) ≤
1

A

J∑
j=1

φ(tj),

as long as B ≥ B(ε) and B ≥ (1 + ε)eγA log logA.

To obtain a more explicit dependence that avoids the B(ε), observe that for u =

log 5/ log 11 we have φ(t)/2ω(t) ≥ 3(t/210)u and for v = log(11/10)/ log(11) we have

t/φ(t) ≤ 35
8

(t/210)v. We assume that A > 1 since trivially rj ≤ φ(tj). For the large tj

with 2ω(tj) < Cφ(tj)/B, C > 1, we have as in (6.2) that

rj ≤ (1 + C)
φ(tj)

B
< 2C

φ(tj)

B
,



16 TODD COCHRANE, CHRISTOPHER PINNER, AND JASON ROSENHOUSE

while for the small tj with 3(t/210)u ≤ φ(t)/2ω(t) ≤ B/C, as in (6.3),

rj ≤
φ(tj)

B
max

t≤210(B/3C)1/u

35

8

(
t

210

)v

≤ 35

8

(
B

3C

)v/u
φ(tj)

B
.

Choosing C = 35
16

(16B/105)v/(u+v) we thus have

rj ≤
2

3

(
105

16B

)u/(u+v)

φ(tj) <
φ(tj)

A

and
∑J

j=1 φ(tj) ≥ Ar for B ≥ 105
16

(2A/3)log(11/2)/ log 5.

The bounds involving k and r follow from making t1 = (p − 1)/k large enough that

the first term of the sum gives φ(t1) ≥ (1 − ε)e−γt1/ log log t1 ≥ Ar, t1 ≥ t1(ε), or more

explicitly φ(t1) ≥ 8
35

(210)vt1−v
1 > Ar for t1 > 210(Ar/48)log 11/ log 10. �

7. Proof of Theorem 1.2

The proof uses a method that was applied to binomials by Akuliničev [1]. Let f =

f1 + f2 + · · ·+ fJ as in (1.10). We proceed inductively on J . Suppose that vj - vL. Write

F (x) = f(x)− fj(x) =
∑

(ki,p−1) 6=vj
cix

ki , and set

Y = {1 ≤ y < p : yvj ≡ 1 mod p}, |Y | = vj .

Applying the Cauchy-Schwartz inequality gives

vj

∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ =
∣∣∣∣∣∑
y∈Y

p∑
x=1

ep(f(xy))

∣∣∣∣∣
=

∣∣∣∣∣
p∑

x=1

ep(fj(x))
∑
y∈Y

ep(F (xy))

∣∣∣∣∣
≤

(
p∑

x=1

1

) 1
2
(

p∑
x=1

∣∣∣∣∣∑
y∈Y

ep(F (xy))

∣∣∣∣∣
2) 1

2

= p
1
2

( ∑
y1,y2∈Y

p∑
x=1

ep(F (xy1)− F (xy2))

) 1
2

.

Now if yvL
1 6≡ yvL

2 mod p, then F (xy1) − F (xy2) =
∑

(ki,p−1) 6=vj
ci(y

ki
i − yki

2 )xki is a

polynomial containing exponents ~kL. By induction∣∣∣∣∣
p∑

x=1

ep(F (xy1)− F (xy2))

∣∣∣∣∣ ≤ p

(
1− 1

4J−2
δ( ~kL)

)
.

For the remaining yvL
1 ≡ yvL

2 mod p we use the trivial bound p for this sum. Now

|{y1, y2 ∈ Y : yvL
1 ≡ yvL

2 mod p}| = vj(vj , vL),

and thus

vj

∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p
1
2

(
(v2

j − vj(vj , vL))p

(
1− 1

4J−2
δ( ~kL)

)
+ pvj(vj , vL)

) 1
2

.
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Hence, since vj - vL,∣∣∣∣∣
p∑

x=1

ep(f(x))

∣∣∣∣∣ ≤ p

(
1−

(
1− (vj , vL)

vj

)
δ( ~kL)

4J−2

) 1
2

≤ p

(
1− 1

2

δ( ~kL)

4J−2

) 1
2

≤ p

(
1− δ( ~kL)

4J−1

)
.

8. Proof of Theorem 2.1 and its corollaries

Suppose that 1 ≤ k1 < · · · < kr ≤ p − 1 with (ki, p − 1) = k for all i and p − 1 = kt.

We write

ψt(x) =
xt − 1

Φt(x)
,

where Φt(x) is the t-th cyclotomic polynomial, and

S =

{
f(x) =

r∑
i=1

aix
ki ∈ Z[x]

}
.

Take L, M to be the s = φ(t) dimensional lattices

L = {~b = (b0, ..., bt−1) ∈ Zt : b0 + b1x+ · · ·+ bt−1x
t−1 = ψt(x)θ(x) for some θ ∈ Z[x]},

M = {~b ∈ L : bi ≡ f(αi) mod p, i = 0, ..., t− 1, for some f ∈ S},

where α is a primitive root mod p. Clearly the coefficients of xjψt(x), j = 0, ..., s− 1 form

a basis for L and pL ⊂M ⊂ L.

We assume that

M = {u1 ~a1 + · · ·+ us ~as : (u1, ..., us) ∈ Zs},

and consider the convex symmetric subset of Rs

VR = {(u1, ..., us) ∈ Rs : ||u1 ~a1 + · · ·+ us ~as||∞ ≤ R}.

Writing A for the matrix whose ith column is ~ai, by Theorem 1 of Vaaler [23]

Vol(VR) = (2R)sVol(V 1
2
)

= (2R)s

∫
Rs

χ[− 1
2 , 1

2 ]t(A~x)dµs(~x) ≥ (2R)sd(M)−1,

where d(M) is the lattice constant d(M) = |det(ATA)|
1
2 (this is independent of the basis

~a1, ..., ~as of M). Hence, by Minkowski’s Theorem, if R = d(M)1/s we are guaranteed a

non-zero (u1, ..., us) ∈ Zs in VR, giving a non-zero element of M with entries bounded by

R. Hence ||f(αi)|| ≤ R for i = 0, ..., t− 1 for some f ∈ S (and, since f(αi) ≡ f(αi′) mod

p for i ≡ i′ mod t, we have ||f(x)|| ≤ R for all integers x).
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Now from the canonical basis theorem for sublattices of lattices,

d(M)

d(L)
= |L/M | = |L/pL|

|M/pL| .

We have |L/pL| = ps since the coefficients of the xjψt(x) are still linearly independent

mod p. By Lemma 3.5 we have Φt(α̃
ki) ≡ 0 (mod p) for αα̃ ≡ 1 (mod p), giving

Φt(x) ≡ (αkix− 1)Hi(x) (mod p) for some integer polynomials Hi, i = 1, ..., r, and

1 + αkix+ · · ·+ αki(t−1)xt−1 =
αkitxt − 1

αkix− 1
≡ ψt(x)Hi(x) (mod p).

Thus, writing βi = αki , we are guaranteed vectors ~bi, i = 1, ..., r, in M with ~bi ≡

(1, βi, ..., β
t−1
i ) (mod p). Plainly these ~bi generate M/pL. Moreover, since t − 1 > r − 1,

they are linearly independent over Z/pZ (if u1
~b1 + · · · + ur

~br ≡ 0 (mod p) then Lemma

3.4 gives ui ≡ 0 (mod p)).

Thus |M/pL| = pr and R = d(L)1/sp1−r/s. The result follows since d(L) = C(t)s (see

the proof of Theorem 6 in [19]).

Finally, for the estimate on the size of C(t) observe, using q to denote an odd prime,

that for any X > 0

2 logC(t) =
∑
q|t

log q

q − 1
≤
∑
q≤X

log q

q − 1
+

∑
q>X,q|t

log q

q − 1

≤ logX +O(1) +
1

X

∑
q|t

log q ≤ logX +O(1) +
log t

X
.

Taking X = log t thus gives logC(t) ≤ 1
2

log log t+O(1) and C(t) = O(
√

log t).

Proof of Corollary 2.1. Observe that if the integer polynomial F satisfies ||F (x)|| ≤ ∆p

for all x then ∣∣∣∣∣
p∑

x=1

ep(F (x))

∣∣∣∣∣ ≥
∣∣∣∣∣

p∑
x=1

cos

(
2π||F (x)||

p

)∣∣∣∣∣
≥

p∑
x=1

(
1− 1

2

(
2π||F (x)||

p

)2
)

≥ p
(
1− 2π2∆2) .

From Theorem 2.1 we have polynomials fj , j = 1, ..., J, with ||fj(x)|| ≤ C(tj)p
1−rj/φ(tj)

for all x, and hence an f = f1 + · · · + fJ with ||f(x)|| ≤
∑J

j=1 C(tj) maxj p
1−rj/φ(tj) for

all x, and thus (2.3), (2.4) are plain.

For (2.5) take α to be a primitive root mod p and ∆ such that 1/∆ =
⌊
pr/T

⌋
. For each

~a = (a1, ..., ar), 0 ≤ ai < p, consider the values of
∑r

i=1 aiα
kil (mod p), l = 0, ..., T − 1.

Since pr ≥ d1/∆eT we are, by the box principle, guaranteed two ~a, ~a′, whose values lie

within p∆ of each other for all l = 0, .., T − 1. Taking ci = ai − a′i thus gives a non-trivial
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polynomial f(x) =
∑r

i=1 cix
ki with ||f(αl)|| ≤ p∆ for l = 0, .., T . As αkil ≡ αkil′ (mod

p) for l ≡ l′ (mod T ) we have ||f(x)|| ≤ p∆ for all integers x. �

9. The Polynomial Waring Problem

Lemma 9.1. Suppose that F1(x), ..., Fγ(x) are integer polynomials with
∑p

x=1 ep(jFi(x)) ≤

p(1− δi) for any (j, p) = 1. If δ1 + · · ·+ δγ ≥ log p then

F1(x1) + · · ·+ Fγ(xγ) ≡ N (mod p),

has an integer solution for all N .

Proof. Since
∑p

j=1 ep(ju) = p if u ≡ 0 (mod p) and 0 otherwise, the number of solutions

to F1(x1) + · · ·+ Fγ(xγ) ≡ N (mod p) in S = {~x = (x1, ..., xγ) : 1 ≤ xi ≤ p} is just

1

p

p∑
j=1

∑
~x∈S

ep(j(F1(x1) + · · ·+ Fγ(xγ)−N)) = pγ−1 +
1

p

p−1∑
j=1

ep(−jN)

γ∏
i=1

p∑
xi=1

ep(jFi(xi))

≥ pγ−1 − pγ
γ∏

i=1

(1− δi)

> pγ−1(1− p exp(−(δ1 + · · ·+ δγ))) ≥ 0,

if δ1 + · · ·+ δγ ≥ log p. �

The above lemma immediately gives the bound γ(f, p) ≤ dlog p/δ(~k)e mentioned in the

introduction. Hence from Corollary 1.1 (i), we have γ(f, p) ≤ rpε once p ≥ C(ε)d, and

γ(f, p) ≤ (r log2 p)1+ε once p ≥ C(ε)d log d/(log log d)1−ε. Once p > 2d2 using the Weil

bound in the proof of Lemma 9.1 yields a better bound, as indicated in the introduction.
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