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What is a number field?

A number field is just a finite
field extension of Q.

Described by adjoining a root
of a monic irreducible polyno-
mial to Q.

K = Q(
√

2)

Q
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Embeddings intoC

If ζ satisfies a monic, irreducible, polynomial over Q, of
degree n, then K = Q(ζ) is said to have n embeddings
into C.

Each embedding arises from mapping ζ to one of the n
roots of the polynomial in C.

Suppose ζ satifies x2 − 2.

Q(ζ) → C

a + bζ 7→ a + b
√

2

a + bζ 7→ a − b
√

2
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Real vs. Complex Embeddings

We call an embedding real if the image lies entirely in
R. Otherwise, we call it complex.

Complex embeddings always come in conjugate pairs.

We’ll let r1 denote the number of real embeddings and
r2 denote the number of pairs of complex embeddings.
So n = r1 + 2r2.
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Signature

The orderd pair, (r1, r2) is called the signature of the
number field.

The ratio r1/n is called the infinity type or the signature
type or the reality of the field.

If r1 = 0 we say that the field is totally complex. If r1 = n
we say that the field is totally real.
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Algebraic Integers

If K is a number field, then the algebraic integers of K,
OK , consists of all elements of K which satisfy monic
polynomial over Z.

OK is a ring.

3 +
√

2 ∈ OQ(
√

2)

1√
2
6∈ OQ(

√
2)
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Algebraic Integers

Like Z, rings of algebraic integers have prime elements.

Like Z, algebraic integers can be factored into primes.

Unlike Z, factorization is not necessarily unique!

Factor 6 in OQ(
√
−5),

6 = 2 · 3 = (1 +
√
−5) · (1 −

√
−5).
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Unique Factorization of Ideals

Amazingly, the ideals of a ring of algebric integers do
have unique factorization (into prime ideals)!

The ideal class group of a number field is the group of
(fractional) ideals modulo the principal (fractional)
ideals.

The size of the class group measure the failure of
unique factorization in OK .
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Discriminants

If {αi} is a Q-basis of K such that {αi} ⊂ OK , then we
call {αi} an integral basis.

For a number field, K, with integral basis {αi}, we
define the (absolute) discriminant of K, DK , by

DK := det(Tr(αiαj)),

where Tr is the trace map from K to Q.

The discriminant is an integer which is independent of
which integral basis we choose.
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Lattice of Algebraic Integers

Algebraic Integers of Q((1 +
√
−3)/2). (Root of x2 − x + 1.)

−5 −4 −3 −2 −1 0 1 2 3 4 5
−4

−3

−2

−1

0

1

2

3

4
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Discriminant of Q((1 +
√
−3)/2)
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Discriminants

The Discriminant is an invariant of its number field.

The Discriminant measures the “size” of the lattice
formed by the algebraic integers.

The Discriminant measures how densely the algebraic
integers can be packed in Rn.
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Discriminants

Knowing a lower bound of the discriminant is critical for
many computational task.

Having families of examples with small discriminants is
computationally useful (e.g. coding theory).
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History of Discriminants

In 1891, Minkowski used “Geometry of Numbers,” to show
that for a number field K of degree n with discriminant DK ,

|DK | ≥
(π

4

)2r1
(

nn

n!

)2

.

Where r1 is the number of real embeddings of K into C.
Since this grows exponentially in n, we take the nth root,
and put

rdK := n
√
|DK |.
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History of Discriminants

Martinet’s Constants

Martinet formalized the discussion of asymptotic
discriminant bounds by defining a family of constants.

t a fixed rational number in [0, 1].

Rn,t = min{rdK : [K : Q] = n, reality(K) = t}.

αt := lim infn→∞ Rn,t.

I’ll call the αt, Martinet’s constants.
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History of Discriminants

Mid to late 1970s Stark, Odlyzko, Serre, and Poitou
successively improved lower bounds of αt.

Methods based on analysis of zeros of Dedekind Zeta
functions.

Best results obtained under the Generalized Reimann
Hypothesis (GRH).
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Lower Bounds onαt

Odlyzko was able to show that

αt ≥ A1−tBt.

Under GRH, A = 8πeγ ≈ 44.7 and B = 8πeγ+π/2 ≈ 215.3.

Unconditionally A = 4πeγ ≈ 22.3 and B = 4πeγ+1 ≈ 60.8.

Where γ is Euler’s constant.
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Upper Bounds onαt

Assuming GRH, we have lower bounds. A natural
question is, “how sharp are these bounds?”

Any infinite family of number fields with bounded root
discriminant and fixed signature type gives us an upper
bound for that signature type.
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Upper Bounds onαt

In 1970s Martinet used the Golod-Shafarevich criteria
to produce examples of infinite 2-class towers with
α0 < 92.4 and α1 < 1058.6.

In 2001, Hajir and Maire improved Martinet’s results
using tamely-ramified version of Golod-Shafarevich to
get α0 < 82.3 and α1 < 954.3 (Compositio Math., 128(1)
35-53) .
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Mixed Signature Case

There is no known curve (in t) for upper bounds of αt.

Any evidence of such a curve is significant (indeed if
GRH bound is sharp, it should be the curve).

Idea! Let’s attempt to find examples of infinite towers of
number fields with mixed signatures. Do they match an
Odlyzko-like curve?
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Hajir-Maire vs. Lower Bound
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New Points
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Curve from Hajir-Maire’s Endpoints
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New Curve
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New Curve (Zoom)
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Golod-Shafarevich Theory

How do we build these
examples?

Constructing Infinite Ray Class Towers with Specific Signatures and Small Bounded Root Discriminants – p. 26/45



Ramification

A prime, p, divides the discriminant if and only if it is
ramified in K.

Ramified primes are the “points of bad behavior”.
(Similar to ramification in maps of Riemann surfaces.)

Two types of ramification: Tame, and Wild.
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Golod-Shafarevich Theory

If L is an unramified extension of K then rdL = rdK .

If K ⊂ K1 ⊂ K2 ⊂ . . . is an infinite unramified tower,
then the root discriminant is constant.

Golod-Shafarevich Theory provides us with a
mechanism for building inifinite unramified towers.
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Golod-Shafarevich Theory

Class field theory asserts that if K is a number field,
and Cl(K) is the ideal class group of K, then the Hilbert
Class Field of K is the maximal abelian unramified
extension, H/K.

The group of automorphisms of H fixing K, Gal(H/K),
is isomorphic to Cl(K).
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Golod-Shafarevich Theory

We may repeat the construction to obtain: H1/H with
Gal(H1/H) = Cl(H), H2/H1 with Gal(H2/H1) = Cl(H1),
etc.

When is the Hilbert Class Field Tower,
K ⊂ H ⊂ H1 ⊂ H2 ⊂ . . . infinite?
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Golod-Shafarevich Theory

.

.

.

H2

H1

K

Q

Cl(H1)

Cl(K)

HK :=
⋃

Hi

GK

Gal(Hi/K) ։ Gal(Hj/K) for
i ≥ j.

{Gal(Hi/K)}i is inverse
system.

GK = lim
←

Gal(Hi/K).

Want to know if GK is infinite.
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Golod-Shafarevich Theory

Golod and Shafarevich gave a group theoretic criteria
for any pro-ℓ-group, G, to be finite.

Let d(G) = dimFℓ H1(G, Fℓ) morally speaking, this is just
the generator rank of G.

Let r(G) = dimFℓ H2(G, Fℓ) morally speaking, this is just
the relation rank of G.
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Golod-Shafarevich Theory

With r and d as above, we have

Theorem 1 (Golod-Shafarevich). If G is a finite, non-trivial pro-ℓ-group,

then r(G) > d(G)2/4.
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Golod-Shafarevich Theory

From class field theory, d(Gℓ,K) is equal to

dimFℓ Cl(K)/Cl(K)ℓ.

So, if we can build a number field that has a large
2-rank in its class group, then we get an infinite class
tower above K.

But, the 2-part of Cl(K) is closely related to the number
of primes which ramify in K. Historically, genus theory
of quadratic extensions is used to build K.
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The Problem

To create an infinite tower with the Golod-Shafarevich
method, we need to have “enough” ramified primes.

But, to make the discriminant small we have to pick the
“right” small primes, and we need them to be
not-too-badly behaved.

Ah ha! Suddenly we are worried about the distribution
of primes.
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Connections to GRH

Dirichlet’s theory on the “Progression of Primes in
Arithmetic Sequences,” uses the Riemann Zeta
Function.

The Prime Number Theorem tells us, roughly, how
prime numbers are distributed. But it has an error term
related to the location of zeros of the Riemann Zeta
Function.

The Riemann Hypothesis asserts that all (non-trivial)
zeros of the Riemann Zeta Function lie on a single
critical line.
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Connections to GRH

I’ve been fibbing a little. . .

Instead of. . . We need. . .

prime numbers prime ideals
Dirichlet’s Theorem Cebotarev’s Theorem

Error estimates on PNT Effective Cebotarev
Riemann Hypothesis Generalized Riemann Hypothesis
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How we use Genus Theory

Begin with k, a field of small degree and small root
discriminant.

Find “small primes”, π1, . . . , πr, and build the extension
K = k(

√
π1π2 . . . πr).

From genus theory, the ramified primes in K/k are
π1, . . . , πr, and possibly some primes above 2.

Must be carefuly when choosing πi, since they
contribute to the discriminant.
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How Many Primes Do We Need?

The magic formula from is:

h ≥ 2 + 2
√

r1 + r2 + θk + 1 + dFℓEk/(Ek ∩ NK
k (UK)).

Where

h is the number of primes that must ramify in K/k.

θk is 0, 1 depending upon where the ℓth roots of unity
live.

Ek is the unit group of k.

UL is the idelic units of K
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Quick Example

If K = Q then we need

8 > 2 + 2
√

1 + 1 + 1 + 1

primes to ramify. So, the field

Q(
√

3 · 5 · 7 · 11 · 13 · 17 · 19 · 23)

has an infinite class field tower. But it’s discriminant is huge!
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Subtle Prime Picking

Must carefully avoid ramification at primes above ℓ.

For example, any ramification in a quadratic extension
is wild.

Avoiding ramification at 2 is hard. This is where
Effective Cebotarev comes in to play.
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Picking “Good” primes

I’ll use the notation (π)e
f to denote that (π) has Ramification

Exponent e and Residue Degree f .

K = k(
√π5,1π7,1π7,2)

k = Q(β) (π3,1)
1
4 (π5,1)

1
1(π5,2)

1
3 (π7,1)

1
1(π7,2)

1
1(π7,3)

1
2

Q (3) (5)

�������������
(7)

/////////////

�������������
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An Example

Let β be a root of x4 − 5x3 + x2 + 3x − 1.

Put k = Q(β). Then Dk = 3 · 1327.

5Ok = (π1)(π2) where

π1 = −β3 + 5β2 − β
π2 = −4β3 + 22β2 − 15β + 3.

π1 is “good” (it’s residue degree is 1)

π2 is “bad” (it’s residue degree is 3)
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Limitations

Current number field tables stop at degree 7.

Generating tables of number fields of degree 8 is
non-trivial!

Just beginning to be computationally feasible.
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What Next?

Massively parallel algorithms. (Excellent opportunity for
undergraduate involvement.)

“Lucky” algorithms based on Modular-Forms. (Maeda
Polynomials)

Faster algorithms for computing units and class groups.
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