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Abstract. Given a number field, K, of degree n over the rationals,
with discriminant dK , and with r1 real embeddings and r2 pairs of
complex embeddings, the root discriminant of K is rdK = n

√
|dK |.

Putting t = r1/n we define α(t) as the lim inf as the degree goes to
infinity of the root discriminant of all number fields with r1/n = t.
We improve the known upper bound for α(1) and give the first non-
trivial upper bounds for α(t) when t 6= 0, 1. Specifically, we bound
α(t) above for t ∈ {1/4, 1/3, 1/2, 3/5, 2/3, 5/7}. These bounds are
found by a general method that, in principle, applies to any t ∈ [0, 1].

1. Introduction

1.1. History of the Problem

Discriminants of number fields are classical invariants which relate to,
among other things, the density of the algebraic integers of a num-
ber field embedded in K ⊗ R, the primes which ramify in the field,
the size of the class group, and special values of the Dedekind Zeta
function of the number field. The discriminant is therefore one of
the key invariants used to categorize number fields and any improve-
ment of our understanding of discriminants is both theoretically and
computationally useful.

Let K be a number field of degree n = r1 + 2r2 over Q with
r1 real embeddings and r2 conjugate pairs of complex embeddings,
and let dK denote the traditional discriminant of K over Q. In 1891,



2 Jason Worth Martin

Minkowski used his “Geometry of Numbers” to show

|dK | ≥
(π
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nn
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)2
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This implies that discriminants grow at least exponentially with the
degree of the number field over Q. In particular, in an unramified ex-
tension of number fields, the discriminant grows exactly exponentially
with the degree. This motivates us to study the root discriminant of
number fields, which we define as rdK = n

√
|dK |. In an unramified

extension of fields, the root discriminant is constant.
In 1964, Golod and Šafarevič demonstrated in [4], that infinite

class field towers exist. Since class field towers are unramified, this
showed that there exist infinite towers of number fields with constant
root discriminant. It is natural to ask how small the root discriminant
can be. In [7], Martinet formalized this question by defining:

Definition 1 (Martinet Constants).

Rn,t = min{rdK : [K : Q] = n and r1,K/n = t}
α(t) = lim inf

n→∞
Rn,t,

Giving an explicit description of α(t) has now become a significant
open problem in number theory because the Martinet Constants help
describe how we can expect number fields to be distributed based on
their discriminant and signature type.

In the 1970s, Stark, Serre, Poitou, and Odlyzko (see [8], [9], [10],
and [11]), produced successive improvements in lower bounds for α(t)
with the best bounds obtained by assuming the Generalized Riemann
Hypothesis (GRH). Odlyzko showed that there exist constants A and
B such that

α(t) ≥ A1−tBt, (1)

where
A ≈ 44.7 and B ≈ 215.3 (under GRH),

and
A ≈ 22.3 and B ≈ 60.8 (unconditionally).

Upper bounds for α(t) remain very mysterious. So far, upper
bounds have only been obtained by constructing explicit examples
for specific signature types. In [7] Martinet constructed examples of
Golod-Šafarevič towers of number fields which demonstrated that
α(0) ≤ 92.3 and α(1) ≤ 1058.6. His bounds remained unbeaten for
over 20 years. In 2001 and 2002, Hajir and Maire (in [5] and [6])
used Koch’s theory of tamely ramified p-towers to construct exam-
ples showing that α(0) ≤ 82.2 and α(1) ≤ 954.3.
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1.2. Comparing Bounds for Different Signatures

Given a pair of upper bounds, α(0) ≤ A and α(1) ≤ B (arising usually
from specific examples), we can determine that at least one of them
is not the correct value for A or B respectively by finding an upper
bound for some other signature type below the interpolated curve. In
other words, if we find an example proving that α(t0) ≤ C and

C < A1−t0Bt0

then either

A ≤ exp
(

ln C − t0 ln B
1 − t0

)
or, (2)

B ≤ exp
(

ln C − (1 − t0) ln A
t0

)
. (3)

So, although equation (1) only gives us lower bounds, it provides a
mechanism by which we may improve estimates for upper bounds on
A and B.

Remark 1 (Extrapolating Curves: A Caution). Note that it is not at
all clear that α(0) = A or α(1) = B. Nor has it been shown that α(t)
is a continuous function. However, so that we may compare improve-
ments for upper bounds among different signature types we will use
the curves interpolated from equation (1) by making the substitutions
α(0) = A and α(1) = B.

1.3. Summary of New Results

A priori, there is no reason to expect that upper bounds of, say,
α(1/2), should depend upon upper bounds of α(0) and α(1). How-
ever, in this work we present examples of mixed signature type which
fall within 10% of the curve interpolated from Hajir and Maire’s re-
sults. Table 1 gives our best results for each signature type. These
are currently the best known upper bounds for α(t) with the given
signature types. Figure 1 graphically summarizes the results.

Remark 2. The example we give demonstrating that α(1) ≤ 913.492694
has as one of its salient features that −1 is a local norm in all the
local extensions. This is a key mechanism used by several of Hajir
and Maire’s examples, so we suspect that they would have eventually
found this one had they had access to more powerful computers.

Of particular interest are the results of α(3/5) ≤ 342.418237 and
α(1) ≤ 913.492694 as they lie below the Hajir-Maire curve. In fact,
the curve interpolated from these points (using equation 2) lies com-
pletely below the Hajir-Maire curve. Combining the values from the
Table with the Hajir-Maire results proves the following theorems.
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Table 1. New upper bounds for α(t)

t Upper bound for α(t)
1/4 165.578579
1/3 198.480635
1/2 286.254030
3/5 342.418237
2/3 449.320767
5/7 506.104309
1 913.492694
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Fig. 1. Best results for α(t)

Theorem 1. If B ≥ 913.493 then

A ≤ 78.584.

Theorem 2. If A ≥ 82.101 then

B ≤ 887.216.

Taken together, these two theorems imply that the current upper
bounds of α(0) ≤ 82.101 (due to Hajir and Maire in [6]) and α(1) ≤
913.493 (given in this work) cannot both be the correct values for A
and B.
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1.4. Overview of Example Construction

Each example in Table 1 arises from a Hilbert class field tower or a
tamely ramified p-tower above a field L = K(√η) constructed such
that dimF2 H1(GL,2, F2) is large enough to satisfy a Golod-Šafarevič
condition on the Galois group (which we describe in the following
chapters), GL,2, of the maximal 2-power extension unramified (or
tamely ramified at a single prime) above L.

For a given K, one constructs a carefully chosen list of princi-
pal prime ideals, chooses generators for each, and forms a product
of these generators with a unit to obtain π. A local computation as-
sures that each of these primes will ramify in L/K and a theorem
of Schoof [12] then gives a lower bound on dimF2 ClL,m/Cl2L,m (for
an appropriate modulus m) which, by class field theory, is equal to
dimF2 H1(GL,2, F2). Each factor of NL/Q(π) will also divide Disc (L),
so the primes must be chosen with small norm to prevent the root
discriminant from being large. Also, the primes must be chosen to
avoid ramification at primes above 2 (which can occur even if none
of the factors of π divide 2). Avoiding ramification at 2 amounts to
π satisfying a Čebotarev style equivalence modulo 4n (and already
implies that the GRH will be involved). The primes must be chosen
so that at least one global unit, which is not a square, will be locally a
norm everywhere. Finally, an associate, η, of π (i.e. an element that
differs from π only by multiplication by a unit), must be found so
that L = K(√η) has the correct signature.

In practice, we used Magma [14] and Pari [15] to search the
Pari number field tables for candidate fields for K. Searching for
appropriate elements of K to construct η then required developing
fast algorithms for: computing (or determining that there do not
exist) associates of a given algebraic integer with specified signs at
real places, checking ramification above 2 (usually by embedding K
in an extension of a p-adic field), and computing local units.

1.5. Acknowledgements
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Cornell University. The author is extremely grateful to his advisor,
Ravi Ramakrishna, for considerable assistance and financial support.
The author also wishes to thank Farshid Hajir for his generous advice
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2. Golod-Šafarevič Theory

Our focus in this section is to develop our notation and consolidate
the main theorems used to build our examples.

Let p be a prime number, and let L be a number field. Let T be a
finite set of prime ideals of L none of which lie over p, and let m be
the modulus defined by T . The p-tower of L with respect to T is
the maximal p-extension of L unramified outside T .

Let G be any pro-p-group. We define d(G) = dimFp H1(G, Fp),
and r(G) = dimFp H2(G, Fp). The invariant d(G) for a given pro-p-
group G is in fact the minimal number of elements for a generating
set of G. The invariant r(G) is the number of relations in a minimal
generating set. Both of these facts are proven in [13].

Theorem 3 (Golod-Šafarevič). For any pro-p-group, G, if G is
finite, then r(G) > d(G)2/4.

Proof. A proof may be found in [13]. ⊓⊔

Given a number field, L, let GT be the Galois group of the maximal
p-extension of a L unramified outside a finite set of primes, T . Let
ClL,T be the ray class group of L modulo the product of the primes
in T . By class field theory, d(GT ) = dimFp ClL,T /ClpL,T .

Another theorem of Šafarevič gives us a bound on r(GT )−d(GT ).

Definition 2 (θL,T ). Let L be a number field and let T be a set of
prime ideals of L away from p, then we define

θL,T =
{

0 if T is non-empty and L contains the pth roots of unity
1 otherwise

Theorem 4 (Šafarevič). With all notation as above,

0 ≤ d(GT ) − r(GT ) ≤ r1,L + r2,L − 1 + θL,T .

Proof. A proof may be found in [1]. ⊓⊔

Now we use another theorem of Golod-Šafarevič which has been
further refined by Hajir and Maire.

Theorem 5 (Hajir-Maire). Let L be a number field. Let T be a
finite set of odd places of L, and define θL,2 as above. If

dimF2 ClL,T /Cl2L,T ≥ 2 + 2
√

r1,L + r2,L + θT ,

then L has an infinite 2-Tower unramified outside of T .

Proof. A proof may be found in [5]. ⊓⊔
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Theorem 5 gives us sufficient criteria for deciding when a given
number field has an infinite 2-tower. Namely, the two part of its
class group must be sufficiently large. (Since dimF2 ClL,T /Cl2L,T ≥
dimF2 ClL/Cl2L, we will often be content just to deal with ClL, even
when we are constructing a ramified tower.) Theorem 8 below gives
us a tool for constructing such number fields, and Theorem 6 gives
a bound on the root discriminants of all fields in a tamely ramified
tower above such a field.

Theorem 6 (Hajir-Maire). Let T be a finite set of finite primes of
a number field L, and let R be the maximal solvable extension of L
unramified outside T and at most tamely ramified in T . Put

c = Disc (L/Q) ·
∏

p∈T

NL
Q(p),

then for any field number field F such that L ⊂ F ⊂ R we have

rdF ≤ rdL · c1/[K:Q].

Proof. This is Lemma 5 in [5]. ⊓⊔

First, we introduce a theorem of Schoof.

Theorem 7 (Schoof). Let L/K be a Galois extension of number
fields with G = Gal(L/K), UL the idelic units of L, EK the units of
K, and p a prime number. Let Gab = G/[G, G] and

B = EK/(EK ∩ NL
K(UL)).

Then we have

dimFp ClL/ClpL ≥ dimFp Ĥ0(G, UL)/Ĥ0(G, UL)p

− dimFp Gab/G2
ab − dimFp B/Bp,

where Ĥ0 denotes the reduced cohomology group.

Proof. A proof may be found in [12]. ⊓⊔

The term dimFp B/Bp will play an especially important role in our
examples, and we will eventually concern ourselves only with cyclic
extensions. So, we introduce the following notation:

Definition 3 (EL/K). Let L/K be a Z/pZ extension of number fields,
and let UL denote the idelic units of L and EK be the units of K. Let
B = EK ∩ NL

K(UL). Then with its multiplicative structure, B/Bp is
a vector space over Fp. We define

Ep(L/K) = dimFp B/Bp.
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Using definition 3 and applying theorem 7 to the case where L/K
is a quadratic extension gives us:

Theorem 8. Let L/K be a quadratic extension of number fields.
Suppose that K has r1,K real embeddings and r2,K pairs of complex
embeddings. Let t be the number of primes of K (including infinite
primes) which ramify in L/K, then

dimF2 ClL/Cl2L ≥ t − 1 − (r1,K + r2,K) + E2(L/K).

Proof. Using the notation of Schoof’s theorem, G = Z/2Z, hence
dimF2 Gab/G2

ab = 1. A mildly non-trivial result from class field theory
is that

t = dimF2 Ĥ0(G, UL)/Ĥ0(G, UL)2.

(This actually follows from the definition of the reduced cohomology
and the norm index lemma given below as Lemma 2; for details,
see Tate’s article on global class field theory in [2]). Since Dirichlet’s
theorem gives dimF2 EK/E2

K = r1,K + r2,K , we have dimF2 B/B2 =
r1,K + r2,K − E2(L/K). ⊓⊔

3. Two Computational Tricks

3.1. Global Unit Computations

One of our primary computational problems is to build extensions of
number fields with specific signatures. More precisely, given a number
field K and a non-square element η ∈ OK , we wish to find a unit
u ∈ EK such that L = K(√uη) has a given signature. Or, from
another point of view, we need to control ramification at infinite
places.

We begin by defining a map which will reduce computations in
the unit group of our field to linear algebra over F2.

Definition 4 (Sign Vector). Given a number field K with r1 real
embeddings we fix an ordering, σ1, σ2, . . . , σr1 for the embeddings of
K in R and define the sign vector of an element a ∈ K∗ by

sigvec : a 7→





1−σ1(a)/|σ1(a)|
2

1−σ2(a)/|σ2(a)|
2
...

1−σr1 (a)/|σr1 (a)|
2




.
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We are regarding K∗/K∗2 (with its multiplicative structure) as a
vector space over F2. Note that the map sending an element of K∗

to its sign vector induces a homomorphism of the F2 vector spaces
K∗/K∗2 → Fr1

2 .

Remark 3 (Effect of the Sign Vector Map). Suppose that σ is a real
embedding of K. Then for a ∈ K∗, we have

1 − σ(a)/ |σ(a)|
2

=
{

1 if σ(a) is negative
0 if σ(a) is positive

Hence, the sign vector of a is a list of r1,K bits telling us at which
real embeddings a is positive or negative. For example, if a is totally
positive, then its sign vector would be all zeros.

Suppose that {u1, . . . , ur} (with r = r1,K + r2,K) is a set of fun-
damentals units (i.e. a collection of units such that any u ∈ EK may
be written as

u =
∏

i

uxi
i ,

with xi ∈ Z). Then we may form the r1 × r matrix A whose columns
are precisely sigvec(ui). The kernel of A corresponds precisely to the
totally positive units of EK . Since the cosets of the kernel then cor-
respond to all possible sign vectors that can be obtained as images
of units, solving the primary problem described at the beginning of
the section amounts to computing the coset of the kernel of A corre-
sponding to the sign vector of η.

As described, this method requires that we compute the funda-
mental units of K, which is a computationally expensive task. How-
ever, we are in luck because we can significantly reduce the compu-
tations needed by loosening the restrictions on our representative set
of units.

Lemma 1. Let p be a prime. Let A be a free Z-module of finite rank,
and let B be a Z-sub-module of A of full rank such that the index of
B in A is not divisible by p. Then B/pB is naturally isomorphic to
A/pA.

Proof. Obvious. ⊓⊔

Theorem 9. Let {u1, . . . , ur} ⊂ EK be a finite collection of units of
a number field K such that the subgroup, B, generated by the ui is
of finite index not divisible by 2 in EK . If π is the canonical map
π : EK → EK/E2

K , then π(B) = π(EK).

Proof. Write EK as the product of the roots of unity in K with a
free abelian group to get EK = Etors × Efree. Write Btors = B ∩ Etors
and Bfree = B ∩ Efree. Since the index of B in EK is odd, B must
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contain a root of unity that is not a square (otherwise Btors ⊂ E2
tors

and [Etors : Etors ] = 2 implies that 2 divides [E : B]), so π(Btors ) =
π(Etors ). Lemma 1 now applies to Efree and Bfree to complete the
proof. ⊓⊔

Theorem 9 is valuable because it shows that we do not need to
compute the full unit group of EK . Since we only need to know EK
up to squares, it is sufficient to compute r1,K +r2,K independent non-
square units. These units will then generate the subgroup B described
in theorem 9. In practice, this is significantly faster than trying to find
a set of fundamental units. The only algorithms currently known to
compute the full unit group must simultaneously compute the class
number, which is a very difficult problem. (See [3] for details.)

3.2. Local Computations with Units

A second major computational task is to build quadratic extensions
L/K of number fields such that at least one non-square unit of K is
locally everywhere a norm from L. In other words, we wish to force
E2(L/K) > 0 because it allows us to increase the size of the class
group of L without allowing any more ramification in the extension.
To get E2(L/K) ≥ 1 we need at least one non-square unit of K that
is locally everywhere a norm from L. Luckily, Lemma 2 reduces this
to finding a non-square unit, u, such that the image of u in Kp is a
square for every p that ramifies in L/K.

Lemma 2. Let L/K be an abelian extension of local fields with unit
groups EL and EK , and the e be the ramification index of the exten-
sion. Then (EK : NL

K(EL)) = e.

Proof. This is the standard local norm index theorem. A proof is
available, e.g. in Lang’s Algebraic Number Theory. ⊓⊔

We now have a computationally efficient means of constructing
field extensions L/K with E2(L/K) > 0. The procedure is summa-
rized in Table 2.
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Table 2. Algorithm for constructing L/K

1. Begin with a number field K.
2. Decide on the signature type that we wish L to have.
3. Using theorem 9, find {u1, . . . , ur} a minimal set generators for EK/E2

K . Now
form the matrix A whose columns are the sign vectors of the ui.

4. Let W be the set of all sign vectors corresponding to the signature type of L
relative to K. (For example if K is a field of even degree over Q with signature
type 1 and L is to have signature type 1/2, then W will consist of all sign
vectors which have exactly half of their entries equal to zero and the other
half equal to one.)

5. Solve (using linear algebra over F2) to determine the set of representative
units, Y , from EK/E2

K whose sign vectors are in the set W . (If Y is empty,
then halt.)

6. For each u ∈ Y
(a) Construct a list {π1, π2, . . . , πv} of generators of principal prime ideals

such that the image of u is a square in Kπj .
(b) Reordering if necessary, find a subset of the πj such that the product π =

π1π2 . . . πw is congruent to a square modulo 4OK (to avoid ramification
above 2).

(c) Compute signvec(π). Solve for a unit, uπ , such that η = uπ · π has the
required sign vector. (If uπ does not exists then continue to the next u ∈
Y .)

(d) Form L = K(√η) and compute the 2-rank of ClL.
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4. Examples

Since each example has a similar construction, we will present full
details for only three of the examples. In section 4.4 we give all of the
necessary data for the motivated reader to construct and verify the
remaining examples.

4.1. Signature Type 1/2, Root Discriminant 286.25403

In this example, we will construct an infinite tamely ramified tower
with bounded root discriminant 286.254, and signature type 1/2.

Let f(x) = x6 − 2x5 − 2x4 − 2x3 + 7x2 − 1, ζ be a root of f , and
K = Q(ζ) be our base field. The discriminant of K is −990227 =
−1 · 7 · 141461. The complex roots of f are given in Table 3.

Table 3. Roots of x6 − 2x5 − 2x4 − 2x3 + 7x2 − 1

0.41906358321886581708
1.15085625282678047140
2.66928673071462615060

−0.36331298930618004225
−0.93794678872704619841

+1.12175325659996632806 · i
−0.93794678872704619841

−1.12175325659996632806 · i

From Table 3 we see that K has 4 real embeddings and 1 complex
pair of embeddings. Generators for some principal ideals with small
norm are given in Table 4. The coefficients given in the Table are
for ascending powers of ζ (i.e. an entry of the form [a0, a1, . . . , an]
corresponds to the element a0 + a1ζ + a2ζ2 + · · · + anζn).

We now set π equal to the product of the prime elements listed in
Table 5, π = π3π7π′

7π17π19π31π′
31π37π61π89π103π109. Table 5 lists the

image of π under the various embeddings of ζ.
Using the algorithm described in section 3.1 we can find a unit,

uπ = 67 + 147ζ − 42ζ2 − 88ζ3 − 52ζ4 + 33ζ5,

such that η = uππ will have the correct sign at the real embeddings
so that L = K(√η) will have signature type 1/2.

Now we set η = uππ, and we have,

η = −813 − 1499ζ + 2470ζ2 + 2239ζ3 + 388ζ4 − 684ζ5.

We now set L = K(√η). Table 8 gives the image of η under the
various embeddings of K into C given by the root of f choosen for ζ.
The field L is generated over Q by the polynomial in Table 7.
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Table 4. Some prime elements of OK

πr Coefficients Residue Degree Norm
π3 [2, −2, −2, −1, 1, 0] 1 −3
π7 [2, 8, −3, −5, −3, 2] 1 7
π′

7 [1, −3, 1, 1, 2, −1] 1 −7
π17 [2, 0, −1, −2, 1, 0] 1 −17
π19 [2, 1, 1, −1, 0, 0] 1 19
π31 [4, 3, −3, −3, −1, 1] 1 31
π′

31 [3, 3, −3, −3, −1, 1] 1 31
π37 [2, −1, −2, −1, 1, 0] 1 −37
π61 [0, 7, 1, −1, −3, 1] 1 61
π89 [3, 0, −2, −2, 1, 0] 1 89
π103 [0, −3, 3, 2, 1, −1] 1 −103
π109 [3, −5, 0, 2, 2, −1] 1 −109

Table 5. Embeddings of π

Image of ζ Image of π
0.419063583218 . . . 3.573402680752 . . .
1.150856252826 . . . −8030.254631779444 . . .
2.669286730714 . . . −79.453696521378 . . .

−0.363312989306 . . . 1454.167382161411 . . .
−0.937946 . . . + 1.121753 · i 4739.483771 . . . + 2928.299483 · i
−0.937946 . . . − 1.121753 · i 4739.483771 . . . − 2928.299483 · i

Table 6. Embeddings of uπ

Image of ζ Image of uπ
0.419063583218 . . . 65.811590447324 . . .
1.150856252826 . . . −0.471857827981 . . .
2.669286730714 . . . 1.303401624212 . . .

−0.363312989306 . . . 0.285043725557 . . .
−0.937946 . . . + 1.121753 · i 0.035911 . . . − 0.292208 · i
−0.937946 . . . − 1.121753 · i 0.035911 . . . + 0.292208 · i

Table 7. Generating Polynomial of L/Q

x12 − 4x11 − 381x10 + 3841x9 + 119846x8 + 59295x7 + 4294176x6 − 65154135x5 −
6997388030x4 − 25146809864x3 + 685613161815x2 + 2189540738700x − 17915791704563

Table 8, shows that L has 6 real embeddings and 3 complex pairs
of embeddings.

Now we define u by

u = −2 − 2ζ − ζ2 + 4ζ3 − ζ4.
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Table 8. Embeddings of η

Image of ζ Image of η
0.419063583218 . . . 235.171313729070 . . .
1.150856252826 . . . 3789.138508686446 . . .
2.669286730714 . . . −103.560077095612 . . .

−0.363312989306 . . . 414.501288195837 . . .
−0.937946 . . . + 1.121753 · i 1025.874483 . . . − 1279.760544 · i
−0.937946 . . . − 1.121753 · i 1025.874483 . . . + 1279.760544 · i

Table 9. Embeddings of u

Image of ζ Image of u
0.419063583218 . . . −0.341186306075 . . .
1.150856252826 . . . −0.390694414445 . . .
2.669286730714 . . . 0.632078839606 . . .

−0.363312989306 . . . −0.120961474124 . . .
−0.937946 . . . + 1.121753 · i 8.610381 . . . + 4.896965 · i
−0.937946 . . . − 1.121753 · i 8.610381 . . . − 4.896965 · i

Table 10. Class Group Bound

Symbol Description Value
Number of finite ramified places 12

Number of infinite ramified places 1
t Total number of ramified places 13

r1,K Number of real embeddings of K 4
r2,K Number of complex embeddings of K 1

E2(L/K) Number of non-square local norm units 1
dimF2 ClL/Cl2L 2-rank of the Class Group ≥ 8

The element u is a non-square unit of K that is locally everywhere a
norm. The image of u under the embeddings of K is given in Table 9.

According to Theorem 8

dimF2 ClL/Cl2L ≥ t − 1 − (r1,K + r2,K) + E2(L/K),

where t is the number of places (including the infinite ones) ramified
in L/K, r1,K and r2,K are the number of real and complex pairs of
embeddings of K, and E2(L/K) is the number of non-square units
of K which are locally everywhere norms. Table 10 summarizes our
results for L/K

Theorem 5 asserts that since we have

dimF2 ClL/Cl2L ≥ 2 + 2
√

r1,L + r2,L (4)

= 2 + 2
√

6 + 3 (5)
= 8.0000, (6)
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Table 11. A prime ideal,τ , of L

Description Value
Generator 1 [−3, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]
Generator 2 [−2, −1, −1, −1, 1, 1, 1, 0, 0, 0, 0, 0]

Norm 3
Ramification Index 2

Residue Degree 1

there exists an infinite tamely ramified tower over L unramified out-
side of T (where T is any non-empty set of primes not over 2). Ta-
ble 11 gives the norm, ramification index, and generator information
for a prime ideal, τ , of L which we shall include as the sole prime in
T .

Theorem 6 now implies that the root discriminants of all fields in
the tower are bounded by

rdL · NL/Q(τ)1/12 = 261.21102 · (3)1/12 (7)
= 286.25403. (8)

4.2. Signature Type 3/5, Root Discriminant 342.41823

In this example, we will construct an infinite unramified tower with
bounded root discriminant 342.418, and signature type 3/5.

Let f(x) = x5 + x3 − 2x2 − 2x + 1, ζ be a root of f , and K = Q(ζ)
be our base field. The discriminant of K is −54967 = −1 ·11 ·19 ·263.
The complex roots of f are give in Table 12.

Table 12. Roots of x5 + x3 − 2x2 − 2x + 1

0.38469026640353755943
1.20792184265045838203

−0.88029161110149440493
−0.35616024897625076826

+1.52244463700573000130 · i
−0.35616024897625076826

−1.52244463700573000130 · i

From table 12 we see that K has 3 real embeddings and 1 complex
pair of embeddings. Generators for some principal ideals with small
norm are given in table 13. The coefficients given in the table are
for ascending powers of ζ (e.g. an entry of the form [a0, a1, . . . , an]
corresponds to the element a0 + a1ζ + a2ζ2 + · · · + anζn).
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Table 13. Some prime elements of OK

πr Coefficients Residue Degree Norm
π9 [−1, −2, 2, 0, 1] 2 −9
π11 [1, 1, −1, 0, −1] 1 11
π′

11 [2, 1, −1, −1, −1] 1 −11
π13 [1, 0, 1, 0, 0] 1 13
π′

13 [1, 0, 0, −1, 0] 1 −13
π19 [−1, 1, −1, 0, 0] 1 −19
π23 [−3, −1, 2, 1, 1] 1 23
π31 [2, 0, −1, −1, −1] 1 −31
π37 [1, 1, 0, 1, 0] 1 −37
π43 [2, 1, 0, 0, 0] 1 43
π′

43 [4, 2, −1, −1, −1] 1 43
π′′

43 [0, 4, −2, 1, −1] 1 −43

Table 14. Embeddings of π

Image of ζ Image of π
0.384690266403 . . . −334.874772846341 . . .
1.207921842650 . . . −2070.359388439943 . . .

−0.880291611101 . . . −65.090258670775 . . .
−0.356160 . . . + 1.522444 · i −12442.337790 . . . + 2777.301407 · i
−0.356160 . . . − 1.522444 · i −12442.337790 . . . − 2777.301407 · i

Table 15. Embeddings of uπ

Image of ζ Image of uπ
0.384690266403 . . . −6.757368523901 . . .
1.207921842650 . . . −0.685365644698 . . .

−0.880291611101 . . . −1.290466912166 . . .
−0.356160 . . . + 1.522444 · i 0.366600 . . . − 0.181455 · i
−0.356160 . . . − 1.522444 · i 0.366600 . . . + 0.181455 · i

We now set π equal to the product of the prime elements listed
in Table 14, π = π9π11π′

11π13π′
13π19π23π31π37π43π′

43π′′
43. Table 14 lists

the image of π under the various embeddings of ζ.
Using the algorithm described in section 3.1 we can find a unit,

uπ = −6 − 3ζ + 2ζ2 + ζ3 + 2ζ4,

such that η = uππ will have the correct sign at the real embeddings
so that we can create a quadratic extension of K by adjoining the
square root of η which will have signature type 3/5.

Now we set η = uππ, and we have,

η = 1485 + 2128ζ + 182ζ2 − 975ζ3 − 556ζ4.

We now set L = K(√η). Table 17 gives the image of η under the
various embeddings of K into C given by the root of f chosen for ζ.
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Table 16. Generating Polynomial of L/Q

x10 + 8x9 − 2773x8 − 21247x7 + 2475994x6 + 12448935x5 − 967797144x4 − 1741844903x3 +
157466760478x2 − 114483442955x − 6543123102697

Table 17. Embeddings of η

Image of ζ Image of η
0.384690266403 . . . 2262.872249480488 . . .
1.207921842650 . . . 1418.953197014733 . . .

−0.880291611101 . . . 83.996825118997 . . .
−0.356160 . . . + 1.522444 · i −4057.411135 . . . + 3275.890849 · i
−0.356160 . . . − 1.522444 · i −4057.411135 . . . − 3275.890849 · i

Table 18. Embeddings of u

Image of ζ Image of u
0.384690266403 . . . −0.722183165623 . . .
1.207921842650 . . . −0.452914582700 . . .

−0.880291611101 . . . −8.353633435396 . . .
−0.356160 . . . + 1.522444 · i −0.235634 . . . + 0.557188 · i
−0.356160 . . . − 1.522444 · i −0.235634 . . . − 0.557188 · i

The field L is generated over Q by the polynomial in Table 16 From
Table 17, we see that L has 6 real embeddings and 2 complex pairs
of embeddings.

Now we define u by

u = −2 + 4ζ − 2ζ2 + ζ3 − ζ4.

u is a non-square unit of K that is locally everywhere a norm. The
image of u under the embeddings of K is given in Table 18

According to Theorem 8

dimF2 ClL/Cl2L ≥ t − 1 − (r1,K + r2,K) + E2(L/K),

where t is the number of places (including the infinite ones) ramified
in L/K, r1,K and r2,K are the number of real and complex pairs of
embeddings of K, and E2(L/K) is the number of non-square units
of K which are locally everywhere norms. Table 19 summarizes our
results for L/K

Theorem 5 asserts that if we have

dimF2 ClL/Cl2L ≥ 2 + 2
√

r1,L + r2,L + 1 (9)

= 2 + 2
√

6 + 2 + 1 (10)
= 8.0000 (11)
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Table 19. Class Group Bound

Symbol Description Value
Number of finite ramified places 12

Number of infinite ramified places 0
t Total number of ramified places 12

r1,K Number of real embeddings of K 3
r2,K Number of complex embeddings of K 1

E2(L/K) Number of non-square local norm units 1
dimF2 ClL/Cl2L 2-rank of the Class Group ≥ 8

then we have an infinite Hilbert Class Field tower over L. Since the
discriminant of L is 22159955053153668354023277 = 32 · 114 · 132 ·
193 · 23 · 31 · 37 · 433 · 2632, the root discriminant of L, and hence for
every field in the tower, is 342.418237489358560740015118502.

4.3. Signature Type 1, Root Discriminant 913.49269

In this example, we will construct an infinite unramified tower with
bounded root discriminant 913.492, and signature type 1.

Let f(x) = x4 −2x3 −6x2 +7x+5, ζ be a root of f , and K = Q(ζ)
be our base field. The discriminant of K is 91669 = 292 · 109. The
complex roots of f are give in Table 20.

Table 20. Roots of x4 − 2x3 − 6x2 + 7x + 5

1.52830812329415543928
3.03822426187428364034

−0.52830812329415543928
−2.03822426187428364034

From Table 20 we see that K has 4 real embeddings and 0 complex
pairs of embeddings. Generators for some principal ideals with small
norm are given in Table 21. The coefficients given in the table are
for ascending powers of ζ (e.g. an entry of the form [a0, a1, . . . , an]
corresponds to the element a0 + a1ζ + a2ζ2 + · · · + anζn).

We now set π equal to the product of the prime elements listed in
Table 22, π = π9π′

9π5π′
5π′′

5π′′′
5 π49π′

49π13π′
13π53π′

53. Table 22 lists the
image of π under the various embeddings of ζ.

Using the algorithm described in section 3.1 we can find a unit,

uπ = 6 + ζ − ζ2,

such that η = uππ will have the correct sign at the real embeddings
so that we can create a quadratic extension of K by adjoining the
square root of η which will have signature type 1.
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Table 21. Some prime elements of OK

πr Coefficients Residue Degree Norm
π9 [7, −5, −2, 1] 2 −9
π′

9 [−1, −2, 1, 0] 2 −9
π5 [0, 1, 0, 0] 1 5
π′

5 [1, 1, 0, 0] 1 −5
π′′

5 [2, −1, 0, 0] 1 −5
π′′′

5 [−6, 5, 2, −1] 1 5
π49 [−1, −2, 2, 0] 2 49
π′

49 [13, 2, −2, 0] 2 49
π13 [2, 2, −1, 0] 1 13
π′

13 [3, 0, −1, 0] 1 13
π53 [1, 3, 0, −1] 1 53
π′

53 [−8, 6, 2, −1] 1 53

Table 22. Embeddings of π

Image of ζ Image of π
1.528308123294 . . . 868.759590367544 . . .
3.038224261874 . . . −8743.759590367544 . . .

−0.528308123294 . . . 868.759590367544 . . .
−2.038224261874 . . . −8743.759590367544 . . .

Table 23. Embeddings of uπ

Image of ζ Image of uπ
1.528308123294 . . . 5.192582403567 . . .
3.038224261874 . . . −0.192582403567 . . .

−0.528308123294 . . . 5.192582403567 . . .
−2.038224261874 . . . −0.192582403567 . . .

Table 24. Generating Polynomial of L/Q

x8 − 3297x6 + 14790x5 + 3555341x4 − 24457440x3 − 1347361755x2 + 7744222350x +
149856133975

Now we set η = uππ, and we have,

η = 4935 + 525ζ − 525ζ2.

We now set L = K(√η). Table 25 gives the image of η under the
various embeddings of K into C given by the root of f choosen for ζ.
The field L is generated over Q by the polynomial in Table 24 From
Table 25, we see that L has 8 real embeddings and 0 complex pairs
of embeddings.

Now we define u by
u = −1.
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Table 25. Embeddings of η

Image of ζ Image of η
1.528308123294 . . . 4511.105761872807 . . .
3.038224261874 . . . 1683.894238127192 . . .

−0.528308123294 . . . 4511.105761872807 . . .
−2.038224261874 . . . 1683.894238127192 . . .

Table 26. Embeddings of u

Image of ζ Image of u
1.528308123294 . . . −1.000000000000 . . .
3.038224261874 . . . −1.000000000000 . . .

−0.528308123294 . . . −1.000000000000 . . .
−2.038224261874 . . . −1.000000000000 . . .

Table 27. Class Group Bound

Symbol Description Value
Number of finite ramified places 12

Number of infinite ramified places 0
t Total number of ramified places 12

r1,K Number of real embeddings of K 4
r2,K Number of complex embeddings of K 0

E2(L/K) Number of non-square local norm units 1
dimF2 ClL/Cl2L 2-rank of the Class Group ≥ 8

u is a non-square unit of K that is locally everywhere a norm. The
image of u under the embeddings of K is given in Table 26

According to Theorem 8

dimF2 ClL/Cl2L ≥ t − 1 − (r1,K + r2,K) + E2(L/K),

where t is the number of places (including the infinite ones) ramified
in L/K, r1,K and r2,K are the number of real and complex pairs of
embeddings of K, and E2(L/K) is the number of non-square units
of K which are locally everywhere norms. Table 27 summarizes our
results for L/K

Theorem 5 asserts that if we have

dimF2 ClL/Cl2L ≥ 2 + 2
√

r1,L + r2,L + 1 (12)

= 2 + 2
√

8 + 0 + 1 (13)
= 8.0000 (14)

then we have an infinite Hilbert Class Field tower over L. Since the
discriminant of L is 484887097019201067725625 = 34 · 54 · 74 · 132 ·
294 · 532 · 1092, the root discriminant of L, and hence for every field
in the tower, is 913.492694372009868890826806854.
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4.4. Tables of Examples

For each of the following tables, the “base polynomial” is the gener-
ating polynomial for a base field K. In other words, K = Q(ζ) where
ζ is a root of the polynomial. The element η ∈ K is defined by an
ordered list of coefficients of increasing powers of ζ begining with ζ0.
The field L = K(√η) then has a class group with sufficently large
2-part to generate either an infinite Hilbert Class Field tower or a
tamely ramified 2-tower. If a tamely ramified tower is used, then g1
and g2 denote the generator elements of a prime ideal of L over which
tame ramification is allowed. Where a list of integers in brackets is
given for g2 this indicates coefficients of increasing powers of β where
β is a root of the generating polynomial of L over Q.

Table 28. Data for constructing signature type 1/4 example

Root Disc 165.578579
Signature Type 1/4
Base Polynomial x4 − 4x2 − 3x + 1

η [-1585, -2685, 140, 600]
Unramified Tower

Table 29. Data for constructing signature type 1/3 example

Root Disc 198.480635
Signature Type 1/3
Base Polynomial x6 − 2x5 + 2x4 − 2x3 + 2x2 − 3x + 1

η [243, -636, 768, -1920, 1881, -519]
Unramified Tower

Table 30. Data for constructing signature type 1/2 example

Root Disc 286.254030
Signature Type 1/2
Base Polynomial x6 − 2x5 − 2x4 − 2x3 + 7x2 − 1

η [-813, -1499, 2470, 2239, 388, -684]
g1 -3
g2 [-2, -1, -1, -1, 1, 1, 1, 0, 0, 0, 0, 0]
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Table 31. Data for constructing signature type 3/5 example

Root Disc 342.418237
Signature Type 3/5
Base Polynomial x5 + x3 − 2x2 − 2x + 1

η [1485, 2128, 182, -975, -556]
Unramified Tower

Table 32. Data for constructing signature type 2/3 example

Root Disc 449.320767
Signature Type 2/3
Base Polynomial x6 − 7x4 + 7x2 − x − 1

η [3149, 9637, -4471, -12996, 560, 1974]
Unramified Tower

Table 33. Data for constructing signature type 5/7 example

Root Disc 506.104309
Signature Type 5/7

Base Polynomial x7 − x6 − 7x5 + 3x4 + 13x3 + x2 − 4x − 1
η [-3222, -7113, 15971, 13609, -12123, -5032, 2765]
g1 5
g2 [3, -1, 1, 0, 0, 0, -1, 1, 0, 0, 0,0,0,0]

Table 34. Data for constructing signature type 1 example

Root Disc 913.492694
Signature Type 1

Base Polynomial x4 − 2x3 − 6x2 + 7x + 5
η [4935, 525, -525, 0]

Unramified Tower
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