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Chapter 4 Simple Random Sampling

Section 4.1 Introduction

Let N be the population size.

Let n be the sample size.

Defn. 4.1 If a sample of size is drawn from a

population of siz&l such that every sample of

sizen
samp

samp

nas the same chance of being selected, the

Ing procedure is callsithple random

Ing .

Section 4.2 How to Draw a Simple Ran-

dom Sample

Samplingwith replacement implies the proba-

bility of an item being drawn remainsN re-
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gardless of whether or not the item had been

drawn previously.

Samplingvithout repl

acement implies that once

an item is sampled, the item cannot be sampled

again.
Which is better, sam

samplingwithout rep

olingvith replacement, or

acement?

When are samplingit
plingwithoutreplace

ematically?

N replacement and sam-

ment almost equivalent math-
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Example: Consider a small population with
N = 4, where the population i1, 2, 3, 4.
Take a simple random sample without replace-

ment of size 2.
What are the possible outcomes?
How many outcomes are there?

In terms of a general formula involviNgandn,

how many outcomes are there?

In the above example, what is the probability the

sample will bé 1,47

In terms of a general formula, what is the prob-
ability that a particular set oh outcomes will
be sampled from a population of sitein a

simple random sample withOUT replacement?
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Solve example 4.1 on p. 80 uskgi.e., take
a simple random sample of size= 20 from

N = 1000 patient records.

> # First sample withOUT replacement, which

IS typically done.
> # Next sample WITH replacement.

Section 4.3 Estimation of a Population
Mean and Total

Notation:
= population mean
= population total
How do we typically estimate a population mean,

?

What ISEY ?
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Suppose we sample WITH replacement (i.e., all

observations are independent).
What isV (Y) (the variance of/)?

Suppose we sample withOUT replacement, but
N n.

What isV(Y)?

Suppose it is NOT the case thdt n.
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Example: Let be the average age of all 100

U.S. Senators.

Select sample size = 100 withOUT replace-

ment, and determine the sample mean 4ge

What isV (Y)?

When sampling withOUT replacement,

20 1
V)= b

What is an unbiased estimator o?

What I1s an unbiased estimator o?, when sam-

pling WITH replacement?

When sampling WITH replacement, what is an

unbiased estimator &f(Y)?

When sampling withOUT replacement, what is
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an unbiased estimator ®f(Y)?

1

s2'N n. s2° n:
= — &l —xX
n% N E n N

V(Y)=
The quantity N  n)=N Is called thenite
population correction (fpc)
What isfpc whenN  n?

Textbook (p. 84) suggests tHat can be ignored
f(N n)=N 095,orifn 0O05N.
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Con dence intervals

Recall from Math 220 (or 318): What is the for-
mula for a con dence interval on when in-
dependent observations are taken from an ap-
proximately normal population OR the sample

size Is large (with nite standard deviation)?

If many 95% con dence intervals on the mean
are independently constructed, approximately
what proportion of these 95% con dence inter-

vals will contain the true population meaf?

Example:

(a) Sample 5 independent observations from a

N( =70, =10) population.
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(b) Using qgt', mean'and sd', construct the 95%
con dence interval on the population mean. Does
your con dence interval contain the population

mean?

(c) Repeat part (b) using t.test'.

(d) Repeat part (b) using ci.t.test'.

(e) Use replicate' with ci.t.test' to generate 100
con dence intervals (of level 95%) on the pop-
ulation mean, where each con dence interval is

based on a simple random sample with replace-

ment of size 5.

(f) Use plot.ci' to plot these 100 con dence in-
tervals, and draw a line corresponding to the

population mean.
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(g) What proportion of your con dence intervals

contain the population mean?

(h) Repeat parts (f) and (g) using 10,000 con -

dence intervals.

2

Textbook uses 2, as the critical value for the con-

dence interval, rather than 1.96 ¢ 1.

Example: Consider the following population:
> pop = sqgrt(1:1000)
> mu = mean(pop)

(a) Sample 90 INDEPENDENT observations from

this population.

(b) Using gt', mean'and sd', construct the 95%
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con dence interval on the population mean. Does
your con dence interval contain the population

mean?

| 52° :

ts<.N n
i !

y nlvn%N :

(c) Construct the 95% con dence interval on the

population mean using t.test' and ci.t.test'.

(d) Repeat this sampling procedure 10,000 times
to produce 10,000 95% con dence intervals on

the population mean.

(e) What proportion of these con dence intervals

really do contain the population mean?

2

Example: Consider the following population:
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> pop = sgrt(1:1000)
> mu = mean(pop)

(a) Sample 90 observations withOUT replace-

ment from this population.

(b) Using gt', mean'and sd', construct the 95%
con dence interval on the population mean. Does

your con dence interval contain the population

mean?

1

EZO
ts¢.N n
t u
Ynlvn%N§

(c) Construct the 95% con dence interval on the

population mean using ci.t.test'.

(d) Repeat this sampling procedure 10,000 times

to produce 10,000 95% con dence intervals on



Section 4.3 Estimation of a Population Mean and Total Septeber 22, 2008 13

the population mean.

(e) What proportion of these con dence intervals

really do contain the population mean?

2
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Bound on error of estimation
Y estimates .

When sampling withOUT replacement, a 95%

con dence interval on Is approximately

y 2 s (1 n=N)=n
OR

s2.N n.
n%’ N E

The bound on the error of estimation

—~coccococoo<

N

y

when estimating Is

=

O
|
N
<$
~
_<
N
|
N
- U’N
Qum  ©
Z
Z
-
>0

Example: Take jJustONE sample of 90 obser-
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vations withOUT replacement from the popu-

lation:

> pop = sqgrt(1:1000)

> # What is the likelihood that the con dence
interval will contain the true value?

> y = sample(pop, n)

> mean(y)

> # Estimate the bound on the error of estima-

tion.
> N = length(pop)
A 95% con dence interval onis approximately:
mean(y) the bound

Is the true value of In the above con dence

Interval?



Section 4.3 Estimation of a Population Mean and Total

2

Septeber 22, 2008

16
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More on sampling distributions

Example: SIMILAR TO EXERCISES #4.1 and
#4.2, p. 103.

Consider the populatiol0, 1, 2, 8.

(a) Determine the mean and variance of this pop-

ulation.

> pop = 0:3

> N = length(pop) # N Is the population size.

(b) Listall possible simple random samples (with-
OUT replacement) of size = 2 that can be

selected from the populatid®, 1, 2, 8§, and

list the sample mea¥i and sample variancs.

(c) Determine the probability distribution of the
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sample meaklY'.
IS Y approximately normal?

(d) Construct aline graphof the distribution of
Y.

> y.bar.pop =¢(0.5, 1, 1.5, 1.5, 2, 2.5)
> y.bar=¢(0.5, 1, 1.5, 2, 2.5)
> y.bar.probs = ¢(1/6, 1/6, 2/6, 1/6, 1/6)

(e) Using the probability distribution of , com-
puteEY.

EY ="yy p(y)
(f) Using the probability distribution of , com-
puteV (Y).

Is the answery—n = 1:252 = 0:625?

18
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V(Y)= EY?2 (EY)?=EY?2 2

Y
EYZ="yy?p(y)
The formula for population varianceYofis (from
p. 83):

1

20
Var(Y) = . %E 2&

(g) Using 10,000 simulations, simulate the pop-

ulation histogram oY .
> y.bar.sim =sample(y.bar, 1e4, replace=T, prob=y
> y.bar.sim = sample(y.bar.pop, 1e4, replace=T)

> y.bar.sim =replicate( 1e4, mean( sample( pop,
2)) ) # Replace is FALSE.

(n) Determine themean of these 10,000 simu-
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lated values oY .

(1) Determine thevariance of these 10,000 sim-

ulated values oY .

()) Determine the probability distribution of the

sample variancs?.

(k) Construct theline graph of the distribution
of s2.

> s2.pop = ¢(0.5, 0.5, 0.5, 2, 2, 4.5)

> s2 = ¢(0.5, 2, 4.5)

> s2.probs = ¢(3/6, 2/6, 1/6)

() ComputeEs?.

Es?=" s p(s?)
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(m) Using 10,000 simulations, simulate the pop-

ulation histogram o$?.
> s2.sim = sample(s2, 1e4, replace=T, prob=s2.probs)
> s2.sim = sample(s2.pop, 1e4, replace=T)

> s2.sim = replicate( 1e4, var( sample( pop, 2 )

) ) # Replace is FALSE.

(n) Determine themean of these 10,000 simu-

lated values of?.

(0) Noting exercise 4.2, p. 103, and the biased-
ness ofs? when sampling withOUT replace-

ment, p. 83, show (for this example) that

N
Es? = 2.
N 1
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More on population variance

Suppose that and b are constants, anX s

random with mean x and variance £.

LetY = a+ bX

What isEY ?

What is  (the variance o¥)?

What Is y (the standard deviation of )?
Example:

> x = ¢(30, 40, 50, 60, 70)

>y =300 2 X

> mean(x)

> mean(y)

For population sizeN, what is the population

22
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total in terms of the population mear?

How should we estimatgwhen sampling WITH

or withOUT replacement)?

When sampling withOUT replacement, what is

an unbiased estimator ®f(")?

20 1

0"y = Y(NY) = N2V (Y) = NZ‘?’] %NN i
_g2S8°°. n:
= N F%u]_ NX

The bound on the error of estimation

when estimating is

B :ZEO("):ZE\?(NY):ZENZV(Y)

Ne

o

[
N
Z

Z

QP

W
SR
e
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Example: Take justONE sample of 90 obser-
vations withOUT replacement from the popu-

lation:
> pop = sqgrt(1:1000)
> # Compute the bound on the error of estima-
tion.
A 95% con dence interval onis approximately:
N mean(y) the bound.
2

Homework C4.3.1:

Revisit unfair die problem (i.e., sample with re-

placement). Probabilities are

pP(1) = 0:3; p(2) = 0:4; p(3) =0:2, p(4) =0:1.
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(a) Sample 19 observations, and print them.

(b) Using gt', mean'and sd', construct the 95%
con dence interval on the population mean. Does
your con dence interval contain the population

mean?

(c) Repeat part (b) using t.test'.

(d) Repeat part (b) using ci.t.test'.

(e) Use replicate' with “ci.t.test' to generate 100
con dence intervals (of level 95%) on the pop-
ulation mean, where each con dence interval is

based on a simple random sample with replace-

ment of size 19.

(f) Use plot.ci' to plot these 100 con dence In-

tervals, and draw a line corresponding to the
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population mean.

(g) What proportion of your con dence intervals
contain the population mean?
(h) Repeat parts (f) and (g) using 10,000 con -

dence intervals.
End of Homework C4.3.1 2
Section 4.4 Selecting the Sample Size for

Estimating Population Means and To-
tals

Decide in advance how large of a sample should

be taken.
What is the drawback of taking tolarge of a
sample?

What is the drawback of taking togmall of a
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sample?
For a simple random sample withOUT replace-
ment and larga, recall that a 95% con dence

Interval on Is (approximately)

s2.N n.
n% N E

~cocccocoo<

Y 2

ORY B

HenceB = 2! an N

Solve fom.

SAMPLE SIZE DETERMINATION re-
garding
The sample siza required to estimate with

a bound on the error of estimatidh, when

performing simple random sampling withOUT
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replacement, Is:

N 2
(N 1D+ ?
whereD = B2=4.

n
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Example: Consider the (larger) population:

> pop = sqrt(1l:1eb5)

> N = length(pop)

In a pretest, take a simple random sample with-
OUT replacement of size 100, to estimate

> n0 =100 ; y0 = sample( pop, n0 ) ; var.hat
= var(y0)

What sample sizeq is needed to estimatewith

a bound on the error of estimation 3, in a simple

random sample withOUT replacement?

N 2
(N 1D+ 2

Nq =
whereD = B2,

Take a simple random sample withOUT replace-
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ment of size nl1, and construct a 95% con dence

Interval on .

What is the likelihood that the con dence inter-

val will contain the true value?
> fpc=1 nl/N
> # Determine the con dence interval.
Is in the con dence interval?
What is theerror of estimation ?
Is this number smaller tha@ = 3?

2

SAMPLE SIZE DETERMINATION re-
garding :

The sample siza required to estimate with
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a bound on the error of estimatidh, when
performing simple random sampling withOUT
replacement, is:

N 2
“(N 1D+ 2
whereD = B2=(4 N?).

n

Example: Solve exercise 4.41 onp. 111. An au-
ditor randomly samples 20 accounts receivable
from the 500 accounts of a certain rm. The
auditor lists the amount of each account and
checks to see whether the underlying documents

are in compliance with stated procedures.
(a) Read in the data.

(b) Estimate thetotal of the accounts receivable
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for the 500 accounts of the rm.
(c) Place aboundon theerror of estimation,
when using %o estimate .

The bound on the error of estimation

when estimating is

S S S \LH{IZ
B=2 ¥(MN=2 V(NY)=2 N2V(Y)=2N§>

(d) Construct a 95% con dence Iinterval on

the population total.

Interpretation: We are 95% con dent that the

population total of the accounts lies between
$78,644.17 and $118,455.85.

(e) What sample sizeq Is needed to estimate



Section 4.4 Selecting Sample Size for Estimating Means & & September 22, 2008 33

with a bound on the error of estimation $8,000,
In a simple random sample withOUT replace-

ment?

Hence, we wantt | < $8000 with 95% con -

dence.

N 2
(N 1D+ 2
whereD = B2=(4 N?).

Nq =

> B = 8000

(f) Estimate themeanof the accounts receivable

for the 500 accounts of the rm.

(g) Place aboundon theerror of estimation,

when using o estimate .
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The bound on the error of estimation

when estimating is

=

~cocccocoo<
7))
N
Z

@  ©
>
>0

o<

B=2'V

~~
>
~—"
[
N

-
Z

(n) Construct a 95% con dence Iinterval on

the population mean.

Interpretation: We are 95% con dent that the
population mean accounts lies between $157.29
and $236.91.

() Do you think that theaverageaccount re-

ceivable for the rm exceeds $2507?

()) What sample sizr» is needed to estimate

with a bound on the error of estimation $16, in a
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simple random sample withOUT replacement?

- N2 . — R2-
2= N 1D+ 2 whereD = B4

2

Section 4.5 Estimation of a Population
Proportion

Example: Let p be the (unknown) population
proportion of American adults who are Repub-

licans.

Take a simple random sampleldfO adults in
the United States, and inquire about political

a liation.

Suppose that 42 of them say they are Republi-

cans.
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What is your best estimate pf?

From Math 220 or 318, what is an estimated stan-

dard deviation op?

2
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PROPORTION IS A SPECIAL CASE
OF A MEAN

Example: Again, letp be the (unknown) pop-
ulation proportion of American adults who are
Republicans.

Take a simple random sample of atyadults in
the United States, and inquire about political

a liation.

Suppose the responses are the following:

f Dem, Rep, Dem, Dem, Rep, Ind, Dem, Ind,
Rep, Rep.

What is the sample proportiomp) ©f Republi-
cans?

Convert the above responses to 1 if Republican,
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and O if not Republican.
Hence, the data become:
f0,1,0,0,1,0,0,0, 1g1
Compute the meary .

2

For large sample sizgs,is*approximately nor-
mally distributed, by the Central Limit Theo-

rem.

A commonly used rule for \large sample sizes" is
np 10andn(l p) 10.

Example: Graph 10,000 values pf Wwherep”
IS the sample proportion based = 10 and

p=0:7. Repeat fon = 20 andn = 30.
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> linegraph( replicate( 1e4, mean( sample( 0:1,
10, replace=T, prob=c(0.3,0.7) )) ), F)
2

Estimated variance of [

0@ = P 1

Bound on the error of estimation:

PG =N
1 N

U

:

"

20 =21
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Exercise 4.42, p. 112: An auditor randomly
samples 20 accounts receivable from the 500
accounts of a certain rm. The auditor lists
the amount of each account and checks to see
whether the underlying documents are in com-

pliance with stated procedures.

(a) Estimatep, the proportion of the rm's ac-
counts that fail to comply with stated proce-

dures.
> y.mat = scan2( \EXER441.DAT", T )
> compliance = y.mat[ , 3]

> p.hat = mean(compliance==\N")

(b) Place a bound on the error of estimation.
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(c) Construct a 95% con dence interval pn
the population proportion of the rm's accounts

that fail to comply with stated procedures.

Interpretation: We are 95% con dent that the
population proportion of the rm's accounts
that fail to comply with stated procedures lies

between 9.4% and 50.6%.

(d) Do you think the proportion of accounts that
comply with stated procedures exceeds 80%?
Why?

2

SAMPLE SIZE DETERMINATION re-
gardingp:
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The sample siza required to estimat® with
a bound on the error of estimatid®, when
performing simple random sampling withOUT

replacement, is:

_ N pQ .
(N 1)D + pq

whereD = B2=4 andq=1 p.

n

Note: Since the variance of a Bernoulli random
variable (i.e., consisting of only zeros and ones)
ispg, we simply replace? by pgin the formula
for sample size determination regardingo

obtain the above formula.

How do we select the sample size if we do not

have an initial estimate qf?
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Example: Continue with exercise 4.42 on p.
112. An auditor randomly samples 20 accounts
receivable from the 500 accounts of a certain
rm. The auditor lists the amount of each ac-
count and checks to see whether the underlying
documents are in compliance with stated pro-

cedures.

(e) What sample size is needed to estimate the
population proportion of the rm's accounts
that fail to comply with stated procedures, with

a bound on the error of estimati@= 7%"?

2
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Example: Often, large national polling organi-
zations guote aargin of error of 3 percent-
age points.

The margin of error is another name for the

bound on the error of estimation

What sample size is needed to estimate the popu-
lation proportion of U. S. adults who call them-
selves Democrats withmaargin of error of

3%"7?

_ N pq .
(N 1)D + pqg

whereD = B2=4 andqg=1 p.

n

What number should we use fpnn the above

formula?
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How large i\ ?

2

Homework C4.5.1: For each of the following
values ofn and p, construct a line graph of
10,000 values @f and explain whether or not

the distribution ofps approximately normal.

(a) n =50 andp =0:99
(b) n =50 andp = 0:7
(c) n=50andp=0:5
(d) n =100 andp =0:02
(e) n =20 andp = 0:55
(f) n=30andp=0:4

End of Homework C4.5.1 2
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Section 4.6 Comparing Estimates

ESTIMATE THE DIFFERENCE OF PRO-
PORTIONS, p1 p2

Example: Suppose; is the population pro-

portion of Republicans, and supp@sas the

population proportion of Democrats.
Suppose we want to:
estimatep; o,

place a bound on the error of estimation of

p1  p2, and

construct a 95% con dence intervalpn po.

How should we estimafm py?

If p1 and@® are dependent, then
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V(p1 B2 =var(py) +var(fp) 2 covfh; o)

_ P p), Pl P, Pap2
N n N

Therefore,

O ) = Pl PD, PAl P ., Pi2

+2 P
n n N

Bound on the error of estimatiorBs= 2 ﬁ\’7([31 ),

and a 95% condence interval gn = po IS
Pr P2 B. 2

Example: Now, suppose; is the population
proportion ofmaleswho are Republicans, and
let po Is the population proportion démales

who are Republicans.
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Let n1 be the sample size wiales and letn, be

the sample size ¢dmales
Let oy and @ be the sample proportions.
Are Py and @® independent?
We still usepf o to estimatep;  po.

The new estimate of the variance becomes

00 oy =PI P Pl P

N1 N

2
See example 4.11, pp. 99-100, for both inde-

pendent and dependent examples involving es-

timatingp; po.

ESTIMATE THE DIFFERENCE OF MEANS,

1 2, forindependent samples
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Example: Suppose;isthe meanincome among
Virginians, and » is the mean income among

North Carolinians.

Assume that the sample mean incomes of the two

states are independent.
How should we estimatg  5?

How should we estimate the VARIANCEXGf
Yo?

Bound on the error of estimatiorBs= 2 'V (Y7 Yy),
and a 95% con dence Iinterval on 2 IS

Y1 Yo B.

See example 4.10, pp. 96-99, for example involv-

Ing estimating 1  ».



