Section 3.1 Random Variables January 25,2008 1

3 Discrete Random Variables and
Probability Distributions

3.1 Random Variables

De nition: A random variable is a map-

ping from the sample spacg, to the real line.

Example: Toss a coin once. Determine the sam-

ple space.
Let X be the number of headsame toss of the coin.
The random variablX is de ned by

Here, X is aBernoulli random variable , de-

ned below.

2

De nition: A random variable i8ernoulli

If its only possible values abeand 1.

Example:  The possible outcomes for the JIMU
tennis team are in the sample space
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S =fwin, lose, drag.
2

Remark: A Bernoulli random variableX , may

be viewed as having sample space

| : X (failure) = 0
S =fsuccess, failugesuch thatE X \ ;
> X (success) =

Two types ofandom variables , X, include

(a) discrete {Possible values can be listed in a nite

or countably in nite sequence.

(b) continuous {Possible values contain an interval
on the real, andP (X = c¢) = 0 for all constants

C.

3.2 Probability Distributions for Dis-

crete Random Variables

De nition: Let X be a discrete random variable.
The probability mass function (pmf)
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Isp(x) = P(X = x).

De nition: The probability distribu-
tion of adiscrete random variabléX consists of
the possible values ®f along with their associated

probabilities.

Example:  Computer crashing. Let X be the
number of times that a particular computer crashes

In a month. Suppose that

%p(O) = P(X =0) =0:3
p(1) = P(X =1) = 0:4
%p(Z) = P(X =2) = 02
2 p(3) = P(X =3) = 0:1

(a) Determine thgrobability distribution of X..

X ‘ O 1 2 3‘sum
p(x) = P(X =x)|0.3 0.4 0.2 0/11

(b) Display theprobability distribution of X in
a histogram .
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(c) Display theprobability distribution of X in

aline graph .

(d) Restate this example using the perspectivearf

bles in an urn

De nition: The cumulative distribu-
tion function |, denotedcdf, of a discrete ran-

dom variableX Is

F(x)=P(X x)= ~ p(y): forallx 2 <:
yiy X

The cdf often is called thdistribution function

Example: Revisit computer crashing.
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For any (discrete, continuous, etcymulative dis-
tribution function  F(x),

(1) limy, FX) =0and lim, +1 F(X)=1:

(2) F(x) is monotonic nondecreasing.

(3) F(x) is continuous from the right; i.e.,

imF(x) = F(a); foralla2<:

X#Ha

These three properties above also guaranted-that
IS a cdf.

A cdf F (x) hasleft limits; i.e.,

limy- 4 F (X) exists for alla 2 <.

DetermineP (X = X) in terms of any cdF (x).

Recall the Bernoulli distribution:

% 1 p; ifx=0
px)=, p; ifx=1 for0O p L
.§ 0; otherwise
Example: Let X be the number of | | s

obtained when rolling an unbiased die once.
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6

(a) Determine therobability mass function  of
X.

(b) Display theprobability mass function  of X

In a histogram and aline graph .

(c) Determine theumulative distribution func-

tion of X.
% 0 ifx< 0
F(x)=.,5/6; if0 x< 1
.§ 1. ifl x

(d) Graph thecumulative distribution func-

tion of X.
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3.3 Expected Values

Determine theexpected value or mean of adis-

crete random variable.

The Expected Value of X

Example: Revisit computer crashing.Suppose
we have the populatioi0, 0,0, 1,1, 1, 1, 2, 29.3
Determine the mean,, of this population.

Now, letX be a random variable with the following
probability mass function

%p(O) = P(X=0) =0:3

p(l) = P(X =1 =04
%p(Z) = P(X =2) = 022
2p(3) = P(X=3) =01

De nition: Theexpected value ofX, the
mean value ofX, thepopulation mean
of X, Is

EX = = XX X p(x):
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The Expected Value of a Function

Example: Reuvisit computer crashing.Let h(x)
be the cost of maintaining a computer per month as
a function of the number of crashes.

Suppose that the systems administrator charges $10
to restore a crashed computer, and charges $7 as a
monthly base fee.

Determine the mean monthly maintenance cost.

In general,
Eh(X) =" h(x) p(x):

Write h(x) as a formula.

In general, ifa andb are constants, then
E(aX + b= aEX + b:
2
Thevariance of adiscrete random variablé is

= I=E(XX %= (x )P px)
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Variance measures thspread in the distribution.

Example:  Derive the \shortcut formula for?"
on p. 105;

i.e., prove that 2= EX? 2

2

The standard deviation of any random vari-

ableX is = p_2.

Example: Revisit computer crashing. Com-
pute thevariance and standard deviation of
X, whereX is the number of computer crashes in a

month.

x 0 1 2 3
p(x) 0:3 04 02 01

2

Supposdi(x) = ax + b, for constanta andb. Com-
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pute thevariance and standard deviation of
h(x) in terms of 2:

2

Example: Revisit computer crashing.Compute
the variance andstandard deviation of h(X),

the monthly maintenance cost.

2

Example: LetX be theold salary at some com-
pany. Let y and 4 be the mean and standard

deviation, respectively, of. Let Y be thenew
salary at some company.

(a) Suppose theew salary is theold salary plus a
$1000 bonus.

(b) Suppose thaew salary is based on doubling the
new salary.

2
Exercise 3.33, p. 107: Slightly modi ed.
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Recall a Bernoulli random variabfe with distribu-

tion:
% 1 p; ifx=0
p(x) = o} fx=1 for0O p L
.§ 0; otherwise

(a) Compute themean of X ..

(b) ComputeEX 2.

(c) Compute thevariance of X.

(d) Compute thestandard deviation of X.
(e) ComputeEX 7°.

2

3.4 The Binomial Probability Distri-

bution

variables; i.epp = P(success), whereis xed.

Let X = "L, Y, = (number of successes)
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Then,X  Binomialf; p):

Hence, whenevar the number of trials, is xed in ad-
vance, anX is the sum ofh independent and identi-
cally distributed Bernoullg) random variables, then
X Binomialf; p):

Goal: Develope the formula for tipeobability mass
function of X, which is a Binomial(; p) random
variable.

Example: Toss abiased coin 5 times, where
P (heads) = M.

(a) DetermineP (H 1H 2T3T4T5):
(b) How many ways can we ordgei, H,, T3, T4 and
Ts? Hint: Think of these as 5 distinct cards.

(c) How many redundancies exist per ordering (in-
cluding the original ordering)®int: fHq, Hy,
T3, T4, Tsgis equivalent td Ho, Hq, Ts, T3, T4Q,
but NOT fHg, Hs, Tq, Ty, T4g.
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(d) ComputeP (X = 2).
2

In general, iX  Binomial(; p), then

0 1

P (X =x):%2§ P@ p" s x=0;L2:::;n:

Example: Reuvisit. Toss abiased coin5 times,
whereP (heads) = 04. Let X be the number of
heads.

(a) Determine therobability mass function  of
X.

p(x)
0.0778
0.2592
0.3456
0.2304
0.0768
0.0102

sum 1

aa » WO N P O X
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(b) Display theprobability mass function  of X

In a histogram and aline graph .

Probability Histogram Line Graph

p(X)
0 01 02 03
Relative Frequency
0 01 02 03

vvvvvv

(c) Determine thanean of X .
(d) Determine thevariance of X .

(e) Determine thestandard deviation of X.

Exercise 3.64, p. 115. Show thatEX = np
whenX  Binomialf; p); for all integersh 1.

Intuitively, if we toss this biased coip € 0:4) 100

times, how many heads do we expmattaverag®

If X  Binomialf; p), then
x=np; ;=np(l p);and x= np(l p):

Example: Reuvisit. Toss abiased coin5 times,



Section 3.4 The Binomial Probability Distribution January 25, 2008 15

whereP (heads) = 04. Let X be the number of
heads. Compute themean, variance , and stan-

dard deviation of X, using these new formulas.

Exercise 3.62, p. 115: LetX Binomialf;p):

(a) For xedn, are there values @f(0 p 1) for
which VarX ) = 0?

(b) For what value op is Var(X ) maximized?

0.25

2

Exercise 3.63, p. 115:
(a) Show thato(x; n; 1 p)=hbn x; n; p):
(b) Skip this part.

(c) What does part (a) imply about the necessity of
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Including values gf greater than 0.5 in Appendix
Table A.1?

3.5 Hypergeometric and Negative

Binomial Distributions

Hypergeometric Distribution { Already
discussed somewhat in section 2.3.
Examples include:

(a) Exercise 2.34, p. 66 (buses with cracks)
(b) Exercise 2.38, p. 66 (light bulbs)
(c) Exercise 2.41, p. 66 (professor with teaching

assistants)

Scenario:
(@) N = size of population

(b) M = number of successes in the population
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(c) n =sample size
(d) SamplewithOUT replacement, unlikbino-

mial.

(e) Then,X ishypergeometric

In sample surveys, the sampling often is done with-

OUT replacement.

M N M
P(X =x)=>*—F~* (315)
n
wherex is an integer suchthat 0 x M, 0

n x N M,andO x n.

Letp= M=N
What ISEX ?
ON nl
Var(X) = % X np(1l
(X) = B ——% np(L )

Example: Suppos& = N. Determine VaiX).
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Example: Supposen  N. What is thecor-

rection factor approximately?

(a) The variance of thaypergeometric distribu-

tion is close to what?
(b) SamplingvithOUT replacement is close to what?

(c) Hypergeometric probabilities are close to what?

2

Example:  Suppose tha#5 of the 100 United
States Senators are Democrats. Xebe the num-
ber of Democrats in a simple random sample of size
5.

(1) SamplewithOUT replacement.
(a) Name the distribution oX .
(b) Determine themean of X ..
(c) Determine thesariance of X.
(d) Determine thestandard deviation of X.
(e) DetermineP (X = 2).
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(2) SampleWITH replacement.

(a) Name the distribution oX .

(b) Determine thamean of X ..

(c) Determine thevariance of X.

(d) Determine thestandard deviation of X.
(e) DetermineP (X = 2).

Hypergeometric Binomial(5, 0.45)

01 02 03
01 02 03

probability mass function
probability mass function

0

0

o 1 2 3 a4 5 o 1 2 3 a4 5

Negative Binomial Distribution

Consider the sequence of independent Bermm)uhy
als.

Suppose we continue sampling until we obseBaxnoulli
successes

Let X be the number dfailures which precede the
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I th success.
Then, X is negative binomial with parameters

andp.

Example: Toss a coin until you achie@eheads,
wherep = P (heads) = M.
Let X be the number of tails which precede the third

heads.

(a) Determine the distribution of .
(b) DetermineP (X =5).

2

The general formula for throbability mass func-
tion of a negative binomial random variable

with parameters andp is:
0

%X'l‘l'

P(X =x)= r 1l§pr(1 P’ x=0;12:::

Whenr = 1, then X is also called geometric

random variable with parameter
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Example: Toss a coin, whefe(heads) = G25 =
1=4.
(a) On average, how many times do we need to toss
the coin to obtain therst heads?

(b) Determine the average numbetaifs preceding

the rst heads.

(c) On average, how many times do we need to toss

the coin to obtain thesecond heads?

(d) Determine the average numbetaifs preceding

the second heads.

2

If X is negative binomial with parameters and
P, then

(@) EX =r (1 p)=p and
(b) VarX)=r (1 p)=p-

Example: Toss a coin, where(heads) = 025

until 3 heads are observed.
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Let X be the number of tails observed until tBel

heads is observed.

0 5 10 15 20 25 30
X

000 0.02 0.04 006 0.08

probability mass function

~—~~
QO
—

Determine the probability that the coin is tossed
9 times.

(b) Determine thamean of X ..

(c) Determine the expected number of coin tosses.
(d) Determine thevariance of X .

(e) Determine thestandard deviation of X.

(f) Determine thestandard deviation of the num-

ber of coin tosses.

3.6 The Poisson Probability Distri-
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bution

Consider thédinomial( n; p ) distribution, such that
n iIs huge, p is small, butnp is moderate (i.e.,

neither huge nor small).

Example: Radioactive decay. Consider a ra-
dioactive substance containing 3,000,000 atoms, such
decaying atoms armdependent of each other,
and

p = P(A particular atom decays in the next day) =
1=1; 00Q 000.

Compute themean number of atomic decays in the

next day.
2
Considerlettingn!' 1 andp! Osuchthanp! ;

a positive constant, wheke  Binomialq; p).

In this limit, X  Poisson().

Derive the formula for therobability mass func-
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tion of a Poisson() distribution.
2
If X  Poisson() for > 0, then

1
PX=x)=—~ e ;forx=0;12:::
X!

You need NOT memorize this formula.

Prove that the above formula is a valjgrobabil-

ity mass function

Exercise 3.90, p. 126: Prove that the

mean of a Poisson() distribution is .

2

Similarly, it can be shown that theariance of a

Poisson() distribution is also .
Hence, = 2= ; if X  Poisson():

Example: Revisit radioactive decay.Consider

a radioactive substance containing 3,000,000 atoms,
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such decaying atoms anelependent of each other,
and

p = P(A particular atom decays in the next day) =
1=1; 00Q 000.

(a) Let X, be the number of decays@me day. De-
termine the probability thaat least one atom

decays in thaext day .

(b) Let X, be the number of decays WO days.
Determine the probability thaat least one
atom decays in the netivo days.

005 01 015

0 00501015 0.2

probability mass function
probability mass function

0

Remark: Typically, when aBinomial( n;p)
distribution is reasonably approximated by@sson(
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distribution,n andp are di cult to determine (or
estimate), but can be estimated from the data.
How?

The Poisson Process is explained by the fol-
lowing:

(a) The probability of esuccess (such as a radioac-
tive decay) in the next day ndependent
of its past.

(b) The mean of a Poisson process basedwn
days istwice as large as thmean of the same

Poisson process basedome day.

Example: Consider the number of recombina-
tions (breaks) in DNA (chromosome pairs) when
DNA strands are passed to o spring.



