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3 Association: Contingency,

Correlation, and Regression
When comparing two variables,sometimesone variable (theexplanatory variable)

can be used to help predict the value of another variable (theresponse variable).

Often we are interested in theassociation(i.e., a relationship) between two or more

variables.

Example: � A person's height, weight, blood pressure, cholesterol level, body mass

index, incidence of heart attack.

� A person's height, weight, blood pressure, cholesterol level, body mass index, incidence

of heart attack.

Example: For the following pairs of variables, which is the explanatory variable,

and which is the response variable?

(a) number of years of education and income

(b) blood pressure (systolic) and weight

(c) height of sons and height of fathers

(d) score on midterm exam and score on �nal exam

(e) score on SAT and �nal GPA in college

(f) de�cit spending and interest rates

(g) temperature and ozone in atmosphere

3.1 How Can We Explore the Association

between Two Categorical Variables?

Set up acontingency table , for comparing two categorical variables.
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Within a contingency table, we can determineconditional proportions ; i.e., the

proportion of the time that a variable takes on a particular value, conditional on

some value of the other variable.

Example: Consider the following contingency table regarding the gender of an

unborn baby (The data are hypothetical but are somewhat consistent with reality):

Ultrasound Ultrasound

Predicted Predicted

Female Male

Actual gender

is female 432 48

Actual gender

is male 130 390

Based on the above contingency table:

(a) What proportion of babies arefemale, given that the ultrasound predicted that

the baby would befemale? � 432=562 = 0:769

� 432=562 = 0:769

(b) What proportion of babies aremale, given that the ultrasound predicted that

the baby would bemale? � 390=438 = 0:890

� 390=438 = 0:890

(c) Is the ultrasound equally reliable for predicting gender for boys and for girls?

� No, an ultrasound predicting aboy is more likely to be correct than an ultra-

sound predicting agirl.

� No, an ultrasound predicting aboy is more likely to be correct than an ultra-

sound predicting agirl.

3.2 How Can We Explore the Association
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between Two Quantitative Variables?

A scatterplot graphically illustrates the relationship between two quantitative vari-

ables.

Example: Heights of 1078 fathers and sons, England, around year 1900.

� Tall fathers tend to have tall sons.

However, the tallest fathers tend to have slightly shorter sons, and the shortest fathers

tend to have slightly taller sons.

� Tall fathers tend to have tall sons.

However, the tallest fathers tend to have slightly shorter sons, and the shortest fathers

tend to have slightly taller sons.

Example: In the Presidential Election of 2000, George W. Bush earned 537 votes

more than Al Gore in Florida, granting the Presidency to Bush. However, the Palm

Beach County, Florida, the \butter
y ballot" possibly caused some individuals to

mistakenly vote for Pat Buchanan rather than Gore.
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How Can Summarize Strength of Association?

Correlation is a numerical measure of thelinear association between two variables.
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Calculation of (Pearson's) correlation , r , for n pairs of data (x; y).

r =
1

n� 1

P
(x � �x)(y � �y)

sx sy
:

The textbook gives the formula

r =
P

zx zy

n � 1
;

wherezx = ( x � �x)=sx and zy = ( y � �y)=sy .

Example: Determine the correlation for the following data:

x =Exam #1 score y =Final score

68 60

100 91

89 77

78 89

60 73

�

n = 5; �X =
395
5

= 79; sx =

s
1024
5 � 1

= 16

�Y =
390
5

= 78; sy =

s
640

5 � 1
= 12:649

r =
545=(5 � 1)

sx sy
= 0:6732

�

n = 5; �X =
395
5

= 79; sx =

s
1024
5 � 1

= 16

�Y =
390
5

= 78; sy =

s
640

5 � 1
= 12:649
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r =
545=(5 � 1)

sx sy
= 0:6732

Remarks:

(a) Is r random or �xed?

(b) What are the units on r?

(c) What are the possible values ofr ?

(d) r = 1 implies what type of correlation?

(e) r = � 1 implies what type of correlation?

(f) Is selection ofx and y relevant when calculatingr?

(g) r makes sense for linear associations only.� not parabolic

� not parabolic

(h) A linear transformation on the data does not a�ectjr j. � For example, con-

verting � F to � C does not a�ect r since F = (9=5)C + 32: Likewise changing

dollars to cents does not changer . Likewise changing grams to kilograms does

not changer .

� For example, converting� F to � C does not a�ect r since F = (9=5)C + 32:

Likewise changing dollars to cents does not changer . Likewise changing grams

to kilograms does not changer .

(i) As the number of (x; y) data pairs becomes huge,r \gets close" to thepopula-

tion correlation. � The population correlation andr have similar properties;

e.g., � 1 � population correlation � 1:

� The population correlation andr have similar properties; e.g.,� 1 � population correlation

1:

3.3 How Can We Predict the Outcome of a

Variable?
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Examining the relationship between variables is calledregression analysis .

Examining the linear relationship betweentwo variables is calledsimple linear
regression .

Two purposes of regression analysis:

1. explain � f the data we observe; e.g., as fertilizer increase, so does the yield of

corng

� f the data we observe; e.g., as fertilizer increase, so does the yield of corng

2. predict � f a future observation; e.g., yield of corn for given fertilizerg

� f a future observation; e.g., yield of corn for given fertilizerg

Typically,

x is the explanatory variable.

y is the response variable.

Goal is to �t a reasonable line through the scatter plot.

The unique line which minimizes the sum of squares of the vertical distances is called

the least squares line or �tted regression line .

� The equation of a line requires aslope and an intercept .

� The equation of a line requires aslope and an intercept .

The equation of theleast squares line can be written

ŷ = a + b x:

The slope of the least squares line can be shown to be

b=
P

(x � �x)(y � �y)
P

(x � �x)2
=

r sy

sx

� f wherer is the correlationg

� f wherer is the correlationg
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� The statistics r and b always have the same sign (i.e., positive, negative, or zero).

� The statistics r and b always have the same sign (i.e., positive, negative, or zero).

The intercept of the least squares line may be computed by noting that the least

squares line goes through the point (�x; �y).

� Hence, �Y = a + b �X:

Solving for a, we obtain a = �Y � b �X:

� Hence, �Y = a + b �X:

Solving for a, we obtain a = �Y � b �X:

Example: (FIVE PAIRS OF GRADES) Return to the data for the grades of the

�ve hypothetical students of (exam #1 score, �nal score): (68, 60), (100, 91), (89,

77), (78, 89), and (60, 73). Fit the regression line.

Predict a new value ofy if x is 85. �

ŷ = 35:95 + 0:5322� 85 = 81:2

�

ŷ = 35:95 + 0:5322� 85 = 81:2

Estimate the mean ofy if x is 85. � Answer: again, 81.2.

� Answer: again, 81.2.

Predict a new value ofy if x is 40. � Answer: not valid due toextrapolation .

� Answer: not valid due toextrapolation .
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2

Remark: The least squares line ofy on x di�ers from the least squares line ofx on

y.

Assessing the Fit of a Line: r-Squared

De�nition: The proportional reduction in error , denoted byr 2, gives

the proportion of variation in y which can be explained byx, when the data are

linear.

Example: (FIVE PAIRS OF GRADES) Return to the data for the grades of the

�ve hypothetical students of (exam #1 score, �nal score): (68, 60), (100, 91), (89,

77), (78, 89), and (60, 73). Determine theproportional reduction in error.

� r = 0:6732; so r 2 = 0:67322 = 0:453 = 45:3% f Interpret r 2; possibly in terms of

the 87 students as well.g

� r = 0:6732; so r 2 = 0:67322 = 0:453 = 45:3% f Interpret r 2; possibly in terms of

the 87 students as well.g

Example: Under the lofty assumption that the �nal score is based upon 5 equally

weighted INDEPENDENT exams with a common variance, thenr 2 (at least for the
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entire data set of 87 students) should be about what number?

� Students who performed well on exam #1 tended to perform wellon remaining exams.

� Students who performed well on exam #1 tended to perform wellon remaining exams.

2

What are the possible values ofr 2?

� Since� 1 � r � 1, then 0� r 2 � 1 or 0%� r 2 � 100%:

� Since� 1 � r � 1, then 0� r 2 � 1 or 0%� r 2 � 100%:

3.4 What are Some Cautions in Analyzing

Association?

\Extrapolation is dangerous."

� Show example of lifespan of mouse vs. dosage of medicine. Start by showing just the

upward linear trend. Then, we should not extrapolate since the trend could continue

upward or move downward; we do not know.

� Show example of lifespan of mouse vs. dosage of medicine. Start by showing just the

upward linear trend. Then, we should not extrapolate since the trend could continue

upward or move downward; we do not know.

\Correlation does not imply causation."

Example: Consider the two variables \weight ofolder brother at age 5" and \weight

of younger brother at age 5."

� The weight of one brother is not likely to have a causal e�ect on the weight of the

other brother.

� The weight of one brother is not likely to have a causal e�ect on the weight of the

other brother.

A lurking variable is a third variable which confuses the relationship betweenthe

two variables of interest.
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� For the above example on weights of brothers, lurking variables in the above example

may be parents, genetics, environment.

� For the above example on weights of brothers, lurking variables in the above example

may be parents, genetics, environment.

In general, \association does not imply causation."

Example: Suppose in a large survey on alcohol consumption and lung cancer, it is

determined that people who consumea lot of alcoholhave a signi�cantly higher rate

of lung cancerthan people who consumelittle or no alcohol.

Is it reasonable to conclude that heavy alcohol consumptioncauses lung cancer? � no

� no

What might be a lurking variable?

� Smoking. Perhaps people who drink heavily are more likely tosmoke, and smoking

causes lung cancer.

� Smoking. Perhaps people who drink heavily are more likely tosmoke, and smoking

causes lung cancer.

2

De�nition: Simpson's paradox occurs when alurking variablemay lead to

a false conclusion when data are combined.

(Be able to state the de�nition of \Simpson's paradox" verbatim on your exams.)

Example: Sex discrimination in graduate admissions, fall 1973, UC Berkeley.

# of applicants # admitted

men 8442 3738

women 4321 1494

What proportion of the male applicants were admitted? � 3738=8442 = 44:3%

� 3738=8442 = 44:3%
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What proportion of the female applicants were admitted? � 1494=4321 = 34:6%

� 1494=4321 = 34:6%

Against which gender did Berkeley seem to be discriminating? � female

� female

Are you sure?

What are the two variables of interest? � gender and admission status

� gender and admission status

What might be a lurking variable? � major or �eld of study

� major or �eld of study

2

Example: Continue with hypothetical analog to sex discrimination ingraduate

admissions.

Fiction University # of applicants # admitted proportion admitted

men 60 31 52%

women 60 19 32%

Against which gender did Fiction University seem to be discriminating? � female

� female

�

nursing # of applicants # admitted proportion admitted

men 10 1 10%

women 50 10 20%
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engineering # of applicants # admitted proportion admitted

men 50 30 60%

women 10 9 90%

�

nursing # of applicants # admitted proportion admitted

men 10 1 10%

women 50 10 20%

engineering # of applicants # admitted proportion admitted

men 50 30 60%

women 10 9 90%

Against which gender did seem to be discriminating? � male

� male

Against which gender did seem to be discriminating? � male

� male

Resolve the paradox; i.e., explain how the lurking variable is related to the two

variables of interest.

� Women tended to apply to the major (e.g., nursing) with a low acceptance rate.

� Women tended to apply to the major (e.g., nursing) with a low acceptance rate.

� Men tended to apply to the major (e.g., engineering) with a high acceptance rate.

� Men tended to apply to the major (e.g., engineering) with a high acceptance rate.

2


