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ankofa?2 2Matrix

matrix canbewritten asa sumof rank-1 matrices:

di1 aj2 Xy T
dp1 aAp2

T
Xl‘XZ Y1‘Y2

X1YI + Xzyg
(X1 y1)+ (X2 Yy2)

rank matrix is generateavith probabilityone




lalCase: Matrix SVD

ooseU 2 R™ M v 2 R" "orthogonalso

TAV = diag( 1;:::; R):
R
A=U V' = UpV,
r=1
A = ((Ur Vy)
r=1

u- = U@;r), vy = V(;;r) andrank(A) = R




ank Approximations

m:If A= U VT istheSVD of A andthe

arvaluesaresortedas 1 r, thenfor ary
, thebestrankk approximatiorto A is
XK
B = UV

r=1

nk approximationsare important for data com-
on




pplications of the SVD




e CompressionExample

arslandscape

A 400 400pixel image
meanssending 160, 000
pixelsbackto earth!

dit: NASA/JPL-Caltech/Cornell,
2006



lar Valuesof Mars Image

image! A 2 R400 400
) = 400
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Plot of the SingularValues




ank Approximationsto Mars

Rank-l1lapproximation0.5%of data)




ank Approximationsto Mars

Rank-5approximation2.5%of data)




ank Approximationsto Mars

Rank-20approximation10% of data)




ank Approximationsto Mars

RankOapproximatior(ZS% of data)




ank Approximationsto Mars

Ran-lOOapproximatior(SO% of data)




ank Approximationsto Mars

Ran-lBOapproximatior(65% of data)




Truelmage

ank Approximationsto Mars




Reduction Example

SVD s
O

Less Bac];g_rc;und Noise

Large SingularValues! signal
SmallSingularValues! noise



written Digit Recognition
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Source:.USPSTrainingImageDataset




ations of the Matrix SVD

ageCompression
IseFiltering

ndwritingRecognition(usedby USPS and
S)

atisticalModelingin Chemistry Psychology

arket Researchandmary moreareas!

boutthree-dimensionallata?



are Tensors?

cond-ordetensorA = (g; ) 2 R™ ™

ird-ordertensorA = (ajx) 2 R™ "2 M3

[
o
[
)

-ordertensorA = (aj,:i,) 2 R™

2:::iIO




sentingTensors

i=1
s theminimumrtr ?



Iffer enceshbetweenmatrix
rank and tensorrank




gonal or Diagonalfor Tensors

H
H
. Diagonal Case2: OrthogonalJ; V; W

Pifj 4

IIIII




Factsabout TensorRank

rmulafor the maximumpossiblerank of atensor
givendimensiondoesnot yet exist

known methodto computethe “minimum”
nsordecompositiordirectly

INimum tensomrrepresentationot necessarily
thogonal
nisandDhorne,1989)

tensorover R mayhave adifferentrankthenthe
metensorconsidereaver C (kruskal,1989)

tof rank-de cienttensordhaspositve volume
skal, 1989)




Resultson2 2 2Tensors

9)

aximumpossiblerankofa2 2 2tensoroverR
3, butoverCis 2

ndomsimulationof 2 2 2tensorgyields
nk-two 79% of thetime andrank-three21% of the
e

aximumpossiblerankofann n 2tensons
N=2C




ItS: ConnectionsbetweenRank
eneralizedEigenvalues

2 matricesA, B, thegeneralizecigervaluesare

y
AX = B x

B 2 R? ? (facesof A)

neralizeckigervalues maximumrankis 2

plex generalizectigervalues rankis 3

eatedjeneralizeckigervalues rankis 3




ltsforn n 2Tensors

2 R" " andatleastoneof A andB is invertible
full setof generalizeckigervectorsthenthe
umtensomrankis

n+ k

k Is thenumberof complex conjucategeneralized
airs.

rank b3n=2c




2 Tensor Example

otherface,B, isthe7 7 identity matrix.

Rank= 1+ 1+ 3+ 3+ 1=09




decompositions and Rank
ary

mputingthetensorankanddecompositiorof
n 2tensoranvolvesthegeneralized
ervaluesof thefacesof thetensor

randomsimulationsof 2 2 2tensorscomple
neralizeckigervaluesoccur21% of thetime and
aleigervaluesoccur/79%of thetime

arnesso rank-de cieng involvesperturbing
atriceswith generalize@omplex eigervaluesto
eswith generalizedealeigervalues



Scan: Blurr ed Image wegximer, 2005,

128 128 27Pixellmage

slice 2

-

slice 11 slice 14

“
—p.28/30




Scan: Restored Image

128 128 27Pixellmage

slice 2 slice 5

slice 11 slice 14



lusions

tendingrankto higherordertensorgs nota
raight-forvard extentionfrom the matrix case

ereexistsarelationshippetweertensomrankand
earalgebranthe2 2 2case

sightinto dif culties of thetensomrankproblem

Thankyou!
carlam@math.mu.edu
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