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The Rank of a 2 � 2 Matrix

Everymatrix canbewrittenasasumof rank-1matrices:

�
a11 a12

a21 a22

�
= X Y T

=
�

x1 x2
� �

y1 y2
� T

= x1yT
1 + x2yT

2

= (x1 � y1) + (x2 � y2)

A full-rank matrix is generatedwith probabilityone
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SpecialCase:Matrix SVD

CanchooseU 2 Rm� m, V 2 Rn� n orthogonalso
� = UTAV = diag(� 1; : : : ; � R):

A = U� V T =
RX

r =1

� r ur vT
r

A =
RX

r =1

� r (ur � vr )

whereur = U(:; r ), vr = V(:; r ) andrank(A) = R
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Low Rank Approximations

Theorem: If A = U� V T is theSVD of A andthe
singularvaluesaresortedas� 1 � � � � � � R, thenfor any
k < R, thebestrank-k approximationto A is

B =
kX

r =1

� r ur vT
r

Low rank approximationsare important for data com-

pression
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Applications of the SVD
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ImageCompressionExample

Marslandscape

PhotoCredit:NASA/JPL-Caltech/Cornell,

2006

A 400� 400pixel image
meanssending160; 000
pixelsbackto earth!
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Singular Valuesof Mars Image

Storedimage! A 2 R400� 400

Rank(A) = 400
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Low Rank Approximations to Mars

Rank-1approximation(0.5%of data)
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Low Rank Approximations to Mars

Rank-5approximation(2.5%of data)
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Low Rank Approximations to Mars

Rank-20approximation(10%of data)
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Low Rank Approximations to Mars

Rank-50approximation(25%of data)
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Low Rank Approximations to Mars

Rank-100approximation(50%of data)
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Low Rank Approximations to Mars

Rank-130approximation(65%of data)
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Low Rank Approximations to Mars

TrueImage
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NoiseReductionExample

LargeSingularValues! signal
SmallSingularValues! noise
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Handwritten Digit Recognition

Source:USPSTrainingImageDataset
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Applications of the Matrix SVD

ImageCompression
NoiseFiltering
HandwritingRecognition(usedby USPS,and
PDAs)
StatisticalModelingin Chemistry, Psychology,
MarketResearch,andmany moreareas!

Whataboutthree-dimensionaldata?
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What areTensors?

Second-ordertensorA = (aij ) 2 Rn1� n2

Third-ordertensorA = (aij k) 2 Rn1� n2� n3

pth -ordertensorA = (ai 1i 2:::i p ) 2 Rn1����� np
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RepresentingTensors

Example: For n = 2,

Rank:

A =
rX

i=1

(ui � vi � wi )

Whatis theminimumr?
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Differ encesbetweenmatrix
rank and tensor rank
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Orthogonal or Diagonal for Tensors

H Hj���

Case1: Diagonal� Case2: OrthogonalU; V; W
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SomeFactsabout TensorRank

1. Formulafor themaximumpossiblerankof a tensor
of givendimensiondoesnot yetexist

2. No known methodto computethe“minimum”
tensordecompositiondirectly

3. Minimum tensorrepresentationnotnecessarily
orthogonal
(DenisandDhorne,1989)

4. A tensoroverR mayhave adifferentrankthenthe
sametensorconsideredoverC (Kruskal,1989)

5. Setof rank-de�cienttensorshaspositivevolume
(Kruskal,1989)
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Prior Resultson 2 � 2 � 2 Tensors
(Kruskal, 1989)

Maximumpossiblerankof a2 � 2 � 2 tensoroverR
is 3, but over C is 2

Randomsimulationof 2 � 2 � 2 tensorsyields
rank-two 79%of thetimeandrank-three21%of the
time

Maximumpossiblerankof ann � n � 2 tensoris
b3n=2c
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Results: ConnectionsbetweenRank
and GeneralizedEigenvalues

Given2 matricesA; B , thegeneralizedeigenvaluesare
givenby

Ax = �B x

Let A; B 2 R2� 2 (facesof A )

realgeneralizedeigenvalues , maximumrankis 2

complex generalizedeigenvalues , rankis 3

repeatedgeneralizedeigenvalues , rankis 3
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Resultsfor n � n � 2 Tensors

If A; B 2 Rn� n andat leastoneof A andB is invertible
with a full setof generalizedeigenvectors,thenthe
maximumtensorrankis

n + k

wherek is thenumberof complex conjugategeneralized
eigenpairs.

Conclusion:
rank � b3n=2c
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7 � 7 � 2 TensorExample

A =

2

6
6
6
6
6
6
6
6
6
4

� 1

� 2

� 3 � 3

� � 3 � 3

� 4 � 4

� � 4 � 4

� 5

3

7
7
7
7
7
7
7
7
7
5

andtheotherface,B , is the7 � 7 identitymatrix.

Rank= 1 + 1 + 3 + 3 + 1 = 9
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Eigendecompositions and Rank
Summary

Computingthetensorrankanddecompositionof
n � n � 2 tensorsinvolvesthegeneralized
eigenvaluesof thefacesof thetensor

In randomsimulationsof 2 � 2 � 2 tensors,complex
generalizedeigenvaluesoccur21%of thetimeand
realeigenvaluesoccur79%of thetime

Nearnessto rank-de�ciency involvesperturbing
matriceswith generalizedcomplex eigenvaluesto
oneswith generalizedrealeigenvalues
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MRI Scan: Blurr ed Image (Nagy,Kilmer, 2005)

128� 128� 27Pixel Image

slice  2 slice  5 slice  8

slice 11 slice 14 slice 17

slice 20 slice 23 slice 26
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MRI Scan: Restored Image

128� 128� 27Pixel Image

slice  2 slice  5 slice  8

slice 11 slice 14 slice 17

slice 20 slice 23 slice 26
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Conclusions

Extendingrankto higher-ordertensorsis nota
straight-forwardextentionfrom thematrixcase
Thereexistsa relationshipbetweentensorrankand
linearalgebrain the2 � 2 � 2 case
Insightinto dif�culties of thetensorrankproblem

Thankyou!
carlam@math.jmu.edu
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