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1. Linear algebra is useful!

2. Approximation is Okay
(and Is often required!)



Integral Estimates

f (x) dx




Some Integration is impossible




Other Methods to Estimate Integrals
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First-degree polynomials



Other Methods to Estimate Integrals

0 a =X, X X Xy X4 X X, =bh X

Second-degree polynomials
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Computing —=1+ >+ —+ —+
_, n? 4 9 16
N n_lz
n=1
5 1.4636
10 1.5498
50 1.6251

100 1.6350
500 1.6429
1000 1.6439
5000 1.6447




Newton's Method ( nding roots)




Why Newton's Method

ax’+ bx+c ) Quadratic Formula

ax>+ bx*+ cx3+dx?+ex+f ) No closed-form solutio

Others:

sinx + e = X
IN(2x) 9 cosx



Multivariate Newton's Method

Newton's Method more important for multivariate
unctions
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Linear Algebra Background



Matrices

1
A= 3
Basic Operations
6 8
A*B= 10 12
4 4
A B = 4 4

BN



Factoring Integers 75 = (3)(5)(5)

Can alsdactor(decompose) matrices:

2 3 2 32 3
1 2 3 014 1 0 7 8 9
44 5 e = 4057 05 12940 086 171°
7 89 1 0 0O 0 0O O

2 32 3
812 960 1108

12 90 41
2 49 30 :82g 2 0 0:90 1'80g
: 41

86 :30 0 0 0



rank-1
rank-2
rank-3

DS o PSS a4 PVn'®d —

N O O AN O O AN 1 O
— O O — O O — O O

2
A
2
A
2

row reduce
row reduce
row reduce 4

DnEd o0 Pood 0 P Hd o
NSO NSO MmO

— (N M — N M — N M
AN < AN < AN <



Fact:for x;y 2 R", xy' is always a rank-1 matrix

2 3 2 3

X11 Y11

X31 Y31
2 3 2 3
X11 X11Y11 X11Y21 Xi11Ya1

4X215 Y11 Y21 Y31 = 4X21y11 X21Y21 X21Y315
X31 X31Y11 X31Y21 X31Y31



The Rank of a Matrix

Every matrix can be written as a sum of rank-1 matrice

di1 ai2 XY T
dp1 aAp2

T
Xl‘XZ Y1‘Y2

T T
X1Y1 T X2Y5

(X1 y1)+(X2 ¥)



Special Case: Matrix SVD

Can choosd& 2 R™ M 'V 2 R" " orthogonal so
= UTAV =diag( 1;:::; )

2 3

T
iUiVi

O
<
_|
1

1
A=U® -
=1

X

(Ui Vi)
i=1

whereu; = U(:;1),vi = V(;;1) andrank(A) = r



Theorem:f A= U VT isthe SVD ofA and the
singular values are sorted ag -, then for any
k <r,thebestrankk approximation toA is

B = quiv; + LUV, +  + UV

Low rank approximations are important for data
compression



Applications of the SVD



Image Compression Example

Mars landscape

"+ - A400 400pixel image
=« means sendind.60 000
pixels back to earth!

Photo Credit: NASA/JPL-Caltech/Cornell,
2007



Singular Values of Mars Image

Stored image A 2 R400 400
RankKA) =400

VIR
e O e e s s e VR 3

Plot of the Singular Values



Low Rank Approximations to Mars

Rank-1 approximation (0.5% of data)



Low Rank Approximations to Mars

Rank-5 approximation (2.5% of data)



Low Rank Approximations to Mars

Rank-20 approximation (10% of data)



Low Rank Approximations to Mars

Rank-50 approximation (25% of data)



Low Rank Approximations to Mars

Rank-100 approximation (50% of data)



Low Rank Approximations to Mars

Rank-130 approximation (65% of data)



Low Rank Approximations to Mars

True Image



Noise Reduction Example

Large Singular Values signal
Small Singular Values noise



Handwritten Digit Recognition

Source: USPS Training Image Dataset



Image Compression
Noise Filtering

Handwriting Recognition (used by USPS, and
PDAS)

Statistical Modeling in Chemistry, Psychology,
Market Research, and many more areas!

What about three-dimensional data?



What are Tensors?

= Second-order tensdy = (g; ) 2 R"* ™

= Third-order tensoA = (g, ) 2 R™ M2 s

= p-order tensoA = (&,i,i,) 2 R M



Historical Background

Psychometric Studies

Needed to analyze entire block of data, rather than
two-way analyses



Major size limitations in models

Previous algorithms based on trial-and-error
approaches

Incomplete understanding of mathematics behind
the models

Increases in computing power forced a shift from
applications to general algorithms and numerical issue



PsyCh om etriC&Iarshman, Kroonenburg)

gjx = response of subjectin situation] at locationk

Facial Image RecognitiOfsitescu)

ajk'm = Vvalue of pixeli of subject with
expressiork with viewpoint  under
illuminationm

Digital Image Restoratioimer, Nagy)
Many others (e.g., chromatography, acoustics)



1. Unknown person, known expressionwho Is
person?

2. Known person, unknown expressionwhat is
expression?

3. Unknown person, unknown expressionwho is
person and what is expression?



Computer Image Recognition

Credit: Wang and Ahuja, 2003



Current Applications (Continued)

ChemometriC®ro, smilde, Geladi)

ajk = pH value of sample at concentration
at temperatur&



Orthogonal or Diagonal for Tensors

H
H
Case 1: Diagonal Case 2: Orthogondl; V; W



Case 1: “Diagonal”
Representation



Chemometrics (Fluorescence)

—

Intensity of light emittec
from sampla at emissior
wavelengthj and excita: — Qjjk = Uir Vijr Wi
tion wavelengtrk r=1

6




Intensity of light emitted
from sampla at emissior

6

wavelengthj and excitar  ajjx = Uir Vijr Wiy

tion wavelengtlk

1

r

concentration ofr-th
analyte ini-th sample



relative emission of -th ana
lyte at emission wavelengih

intensity of light emitted AA

from samplé at emission X A
wavelengthj and excitar  ajjx = Uir Vijr Wiy
tion wavelengtlk r=1

concentration ofr-th
analyte ini-th sample



relative emission of -th ana
lyte at emission wavelengih

A

Intensity of light emitted A
from samplé at emission X A
wavelengthj and excitar  ajjx = Uir Vijr Wiy
tion wavelengtrk r=1 K
A
A

relative absorptio

concentration ofr-thjj [of r-th analyt
analyte ini-th samplej |at excitatio

wavelengthk




Chemometrics (Fluorescence)

xR
dijk — Uir Vjr Wiy
r=1
m
xR
A = (U vi W)
r=1

= ldeally,R is minimal
= The minimum suchr Is therank of the tensor



Representing Tensors

Example2 2 2

Rank
X
A= (U vi w)
=1

What is the minimunt ?



1. Formula for the maximum possible rank of a tenso
of given dimension does not yet exist

2. No known method to compute the “minimum”
tensor decomposition directly

3. Minimum tensor representation not necessarily
orthogonal
(Denis and Dhorne, 1989)

4. A tensor oveR may have a different rank then the
same tensor considered OW& (kruskal, 1989)

5. Set of rank-de cient tensors has positive volume
(Kruskal, 1989)



Given 2 matriced\; B, the generalized eigenvalues are
given by
AX = BX

LetA;B 2 R? 2 (faces ofA)

real generalized eigenvalues, maximum rank Is 2

complex generalized eigenvalues rank Is 3

repeated generalized eigenvalues rank Is 3




If A:B 2 R" "and at least one & andB is invertible
with a full set of generalized eigenvectors, then the
maximum tensor rank Is

n+ k

wherek is the number of complex conjugate generalize
eigenpairs.

Conclusion
rank b 3n=2cC



[/ 1 2Tensor Example

2 3
1
2
3 3
A= 3 3
4 4
4 4

and the other facd3, isthe7 7 identity matrix.

Rank=1+1+3+3+1=9



Computing the tensor rank and decomposition of
n n 2tensors involves the generalized
eigenvalues of the faces of the tensor

In random simulationsa 2 2tensors, complex
generalized eigenvalues occur 21% of the time an
real eigenvalues occur 79% of the time

Nearness to rank-de ciency involves perturbing
matrices with generalized complex eigenvalues to
ones with generalized real eigenvalues



Case 2: “Compressed”
Representation



Orthogonal or Diagonal for Tensors

H
H
Case 1: Diagonal Case 2: Orthogondl; V; W



Motivation: the Matrix SVD

Recall,U; V orthogonal, diagonal:

Xt
A=U V' vy
1

X

(Ui Vi)
i=1

whererank(A) = r



“SVD-like” Decomposition

A2 R™ " U;V orthogonal, dense:

A=U V' .

-
i UiVj

i=1 j=1

X

i (Ui V)
=1 j=1



Tensor Decompositions Problem De-
scription

LetA2 R™ P
Goat To nd “interesting"U 2 R™ ™,V 2 R" ",
W 2 RP P and
=( k)2 R™ " Psuch that
xXnoxn X
A = ik (U v wy)
1=1 j=1 k=1

whereu; = U(;1), v, = V(1) Wk = W( k)



Useful Tensor Decompositions

xn xXn xP
A = ik (Ui V) W)
=1 j=1 k=1

1. U;V,;Worthogonal
2. =( k) “‘compressed"”
3. Rankrevealing



In the representation

XX X
A = ik (Ui v Wy);
i=1 j=1 k=1
choose orthogonal; V; W2 R" "sothat =( jk)Is
“‘compressed”

E.g., maximize

xXn , xXn
i or i

1=1 1=1



Jacobl-Compress  Algorithm

Computes tensor decompositions?of 2 2 subtensors



Works with(p; g) pairs of2 2 2 subtensors of
A2 R" MM

Faster convergence if ateration involves three sweeps
with different cube orientations



Jacobil-Compress Compression
Results

P
Compression for differem:. P

ijk

Comparison of Compression Metrics for nxnxn tensors
0.94 T T T T T T T T
Sums of Squares
— — —Trace

0.92

Percent of norm contained in diagonals (g)

0.74 ! ! ! ! ! ! ! ! !
0 10 20 30 40 50 60 70 80 90 100



Compression Resultp = 4

Compression for differemt:

Percent of norm contained in diagonals (g)

0.86

0.84

0.82

0.8

0.78

0.76

0.74
2

Comparison of Compression Metrics for nxnxnxn tensors

P

P

— — — Trace

Sums of Squares|
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MRI Scan: Blurred Image wagyximer 2009

128 128 27Pixel Image

slice 2 slice 5 slice 8



MRI Scan: Restored Image

128 128 27Pixel Image

slice 2 slice 5 slice 8



Linear algebra approximations used in a variety of
applications

We want to extend these ideas to higher dimensiotl
(tensors) - but it Is nontrivial!

Computing the rank of a tensor is unsolved problet
SO researchers use other techniques to do the “be:
approximation possible.

Thank you!
carlam@math.mu.edu
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