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What are Tensors?

Second-order tensorA = ( aij ) 2 Rn1� n2

Third-order tensorA = ( aijk ) 2 Rn1� n2� n3

pth -order tensorA = ( ai 1 i 2:::i p) 2 Rn1����� np
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Historical Background

Psychometric Studies

Needed to analyze entire block of data, rather than
two-way analyses
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Currently...

Major size limitations in models
Previous algorithms based on trial-and-error
approaches
Incomplete understanding of mathematics behind
the models

Increases in computing power forced a shift from
applications to general algorithms and numerical issues.
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Current Emphases

Understand tensors as a mathematical object
Extend the powerful tools of linear algebra to tensors
Create fast algorithms to compute tensor
decompositions
Develop a framework for tensors to be used by
applications in the sciences and engineering
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Representing Tensors

A 2 R`� m� n ) vec (A ) 2 R`mn

Example: For n = 2,
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Some Current Applications

Psychometrics(Harshman, Kroonenburg)

aijk = response of subjecti in situationj at locationk

Facial Image Recognition(Vasilescu)

aijk`m = value of pixeli of subjectj with
expressionk with viewpoint` under
illumination m

Digital Image Restoration(Kilmer, Nagy)

Many others (e.g., chromatography, acoustics)
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Current Applications (Continued)

Chemometrics(Bro, Smilde, Geladi)

aijk = pH value of samplei at concentrationj
at temperaturek
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Chemometrics (Fluorescence)

intensity of light emitted
from samplei at emission
wavelengthj and excita-
tion wavelengthk

- aijk =
RX

r =1

uir vjr wkr
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Chemometrics (Fluorescence)

intensity of light emitted
from samplei at emission
wavelengthj and excita-
tion wavelengthk

- aijk =
RX

r =1

uir vjr wkr

�
�
�
��

concentration ofr -th
analyte ini -th sample
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Chemometrics (Fluorescence)

relative emission ofr -th ana-
lyte at emission wavelengthj

A
A
AU

intensity of light emitted
from samplei at emission
wavelengthj and excita-
tion wavelengthk

- aijk =
RX

r =1

uir vjr wkr

�
�
�
��

concentration ofr -th
analyte ini -th sample
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Chemometrics (Fluorescence)

relative emission ofr -th ana-
lyte at emission wavelengthj

A
A
AU

intensity of light emitted
from samplei at emission
wavelengthj and excita-
tion wavelengthk

- aijk =
RX

r =1

uir vjr wkr

�
�
�
��

A
A

AK

concentration ofr -th
analyte ini -th sample

relative absorption
of r -th analyte
at excitation
wavelengthk
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Chemometrics (Fluorescence)

aijk =
RX

r =1

uir vjr wkr

m

vec (A) =
RX

r =1

(wr 
 vr 
 ur )

Ideally,R is minimal
The minimum suchR is therank of the tensor
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Tensor Rank Problem Description

Let A 2 R`� m� n

Goal: To �nd matricesU 2 R`� ` , V 2 Rm� m,
W 2 Rn� n, � = ( � ijk ) 2 R`� m� n such thatR is
minimal and

vec (A) =
RX

r =1

� rrr (wr 
 vr 
 ur )

whereur = U(:; r ), vr = V(:; r ); wr = W(:; r ) and� is
“diagonal”
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Tensor Rank and the Singular
Value Decomposition (SVD)
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Outer Product and Rank-1 Tensors

If x 2 Rn1; y 2 Rn2 then theouter product, xyT , is a
rank-1 matrix.

Note
vec (xyT ) , y 
 x

More generally, ifx; y; z are vectors,

z 
 y 
 x

is arank-1tensor.
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SVD Representation

Can chooseU 2 Rm� m, V 2 Rn� n orthogonal so
� = UTAV = diag( � 1; : : : ; � R):

A = U� V T =
RX

r =1

� r ur vT
r

vec (A) =
RX

r =1

� r (vr 
 ur )

whereur = U(:; r ), vr = V(:; r ) andrank(A) = R
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SVD Representation

Matrix SVD:

vec (A) =
RX

r =1

� r (vr 
 ur )

Extension of SVD for tensors:

vec (A ) =
RX

r =1

� rrr (wr 
 vr 
 ur )

whereR = rank.

– p. 19/61



Low Rank Approximations

Theorem:If A = U� V T is the SVD ofA and the
singular values are sorted as� 1 � � � � � � R, then for any
k < R , thebestrank-k approximation toA is

B =
kX

r =1

� r ur vT
r

Low rank approximations are important for data
compression
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Applications of the SVD
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Image Compression Example

Mars landscape

Photo Credit: NASA/JPL-Caltech/Cornell,

2006

A 400� 400pixel image
means sending160; 000
pixels back to earth!
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Singular Values of Mars Image

Stored image! A 2 R400� 400

Rank(A) = 400
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Plot of the Singular Values
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Low Rank Approximations to Mars

Rank-1 approximation (0.5% of data)
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Low Rank Approximations to Mars

Rank-5 approximation (2.5% of data)
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Low Rank Approximations to Mars

Rank-20 approximation (10% of data)
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Low Rank Approximations to Mars

Rank-50 approximation (25% of data)
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Low Rank Approximations to Mars

Rank-100 approximation (50% of data)
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Low Rank Approximations to Mars

Rank-130 approximation (65% of data)
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Low Rank Approximations to Mars

True Image

– p. 30/61



Noise Reduction Example

Large Singular Values! signal
Small Singular Values! noise
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Handwritten Digit Recognition

Source: USPS Training Image Dataset
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Applications of the Matrix SVD

Image Compression
Noise Filtering
Handwriting Recognition (used by USPS, and
PDAs)
Statistical Modeling in Chemistry, Psychology,
Market Research, and many more areas!

What about three-dimensional data?
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Differences between matrix
rank and tensor rank
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Orthogonal or Diagonal for Tensors

H Hj���

Case 1: Diagonal� Case 2: OrthogonalU; V; W
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Some Facts about Tensor Rank

1. Formula for the maximum possible rank of a tensor
of given dimension does not yet exist

2. No known method to compute the “minimum”
tensor decomposition directly

3. Minimum tensor representation not necessarily
orthogonal
(Denis and Dhorne, 1989)

4. A tensor overR may have a different rank then the
same tensor considered overC (Kruskal, 1989)

5. Set of rank-de�cient tensors has positive volume
(Kruskal, 1989)
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CANDECOMP-PARAFAC
Algorithm (Carroll and Chang, 1970; Harshman, 1970)

Given ~R andA 2 R`� m� n, �nd U 2 R`� ~R, V 2 Rm� ~R,
andW 2 Rn� ~R that solve

min
U;V;W














vec (A ) �
~RX

r =1

(wr 
 vr 
 ur )














;

whereur ; vr ; wr are ther -th columns ofU; V; W
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Rank Computation in Practice

N -way toolbox in MATLAB

Specify ~R, returns minimum residual

Developed a bisection-like procedure utilizing
CANDECOMP-PARAFAC (uses information from
the previous estimate)
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Tensor rank for n � n � n tensors
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Computed Rank of random nxnxn tensors using C-P Algorithm
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Relating Tensor Rank to

Eigenvalue Decompositions
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Contributions

Insight into the dif�culties of the tensor rank
problem

A connection between the rank ofn � n � 2 tensors
and eigenvalue decompositions
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Representing Tensor Faces

If vec (A ) =
RX

r =1

(wr 
 vr 
 ur ), whereU; V 2 Rn� R,

W 2 R2� R, then

vec (A) =
RX

r =1

w1r (vr 
 ur )

vec (B) =
RX

r =1

w2r (vr 
 ur )
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n � n � 2 Tensors

vec (A) =
RX

r =1

(wr 
 vr 
 ur ), U; V 2 Rn� R; W 2 R2� R

vec (A) =
RX

r =1

w1r (vr 
 ur ) A = U

2

6
4

w11
. ..

w1R

3

7
5 V T

,

vec (B) =
RX

r =1

w2r (vr 
 ur ) B = U

2

6
4

w21
.. .

w2R

3

7
5 V T

Simultaneous diagonalization problem! – p. 43/61



Generalized Schur Decomposition

If A; B 2 Rn� n, then there exist orthogonalQ; Z such
that

A = QTZT B = QSZT

whereT is upper quasi-triangular andS is upper
triangular.

The realgeneralized eigenvaluesof A andB are

� (A; B ) = f t ii =sii : sii 6= 0g
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Prior Results on2 � 2 � 2 Tensors
(Kruskal, 1989)

Maximum possible rank of a2 � 2 � 2 tensor overR
is 3, but overC is 2

Random simulation of2 � 2 � 2 tensors yields
rank-two 79% of the time and rank-three 21% of the
time

Maximum possible rank of ann � n � 2 tensor is
b3n=2c
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Results: Connections between Rank
and Generalized Eigenvalues

Let A; B 2 R2� 2. Then,

if the generalized eigenvalues ofA andB are real
with a full set of eigenvectors, then the resulting
tensor has maximum rank of two

if the generalized eigenvalues ofA andB are
complex conjugates, then the resulting tensor is
rank-three

if the generalized eigenvalues ofA andB are
repeated with dependent eigenvectors, then the
resulting tensor is rank-three
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Proof Ideas

real generalized eigenvalues, maximum rank is 2
Using the generalized Schur decomposition,

A = U
�
� 1 0
0 � 2

�
V T B = U

�
1 0
0 1

�
V T

complex generalized eigenvalues, rank is 3
Using the generalized Schur decomposition,

A = U
�

� �
� � �

�
V T B = U

�
1 0
0 1

�
V T
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Proof Ideas (rank-3 case)

“Permute and Augment”

�
� �

� � �

�
�!

2

4
� � a1

� � � a2

a1 a2 �

3

5

�
1 0
0 1

�
�!

2

4
0 1 b1

1 0 b2

b1 b2 �

3

5

Choose variables so matrices commute
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Results forn � n � 2 Tensors

If A; B 2 Rn� n and at least one ofA andB is invertible
with a full set of generalized eigenvectors, then the
maximum tensor rank is

n + k

wherek is the number of complex conjugate generalized
eigenpairs.

Conclusion:
rank � b 3n=2c
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7 � 7 � 2 Tensor Example

A =

2

6
6
6
6
6
6
6
6
6
4

� 1

� 2

� 3 � 3

� � 3 � 3

� 4 � 4

� � 4 � 4

� 5

3

7
7
7
7
7
7
7
7
7
5

and the other face,B , is the7 � 7 identity matrix.

Rank= 1 + 1 + 3 + 3 + 1 = 9
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Eigendecompositions and Rank

Computing the tensor rank and decomposition of
n � n � 2 tensors involves the generalized
eigenvalues of the faces of the tensor

In random simulations of2 � 2 � 2 tensors, complex
generalized eigenvalues occur 21% of the time and
real eigenvalues occur 79% of the time

Nearness to rank-de�ciency involves perturbing
matrices with generalized complex eigenvalues to
ones with generalized real eigenvalues
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Expected Value of Rank of
100� 100� 2 Tensors
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Expected value of Rank of nxnx2 Tensors for n=100
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Bypassing the Rank Problem

Common Method:Use “low-rank” orthogonal
decompositions

vec (A) =
`X

i=1

mX

j =1

nX

k=1

� ijk (wk 
 vj 
 ui )

whereui ; vj ; wk columns fromorthogonalmatrices
U; V; W

1. Sort� ijk , use dominant terms for approximation

2. Choose orthogonalU; V; W so that
P

� 2
iii or

P
� iii

is maximized
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MRI Scan: Blurred Image (Nagy,Kilmer, 2005)

128� 128� 27Pixel Image

slice  2 slice  5 slice  8

slice 11 slice 14 slice 17

slice 20 slice 23 slice 26
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MRI Scan: Restored Image

128� 128� 27Pixel Image

slice  2 slice  5 slice  8

slice 11 slice 14 slice 17

slice 20 slice 23 slice 26
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Jacobi-Compress(Martin, Van Loan, 2006)

Works with(p; q) pairs of2 � 2 � 2 subtensors of
A 2 Rn� n� n

!

Faster convergence if asweepinvolves three different
cube orientations

– p. 56/61



Compression Results forn � n � n
Tensors

Compression for differentn:
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!
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Compression Results for
n � n � n � n Tensors

Compression for differentn:
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Recent Work (Kilmer, Martin, Perrone)

De�ne
tensor multiplication
tensor identity
tensor transpose
tensor inverse
orthogonal tensor

Can compute aTensor SVDandTensor QR

A = U � S � V T A = Q � R

– p. 59/61



Tensor SVD

A = U � S � V T

Advantages
Set ofn � n � n invertible tensors form a group
under tensor multiplication
Tensor SVD computed directly for` � m � n tensors

CompressesA sinceS has at mostn � min(`; m)
nonzeros
Certain symmetry conditions onn � n � n tensors
guarantee a rank� n
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Future Work

Continue attempt to extendn � n � 2 rank results
Explore relationships between new Tensor SVD and
rank
Find applications where Tensor SVD is useful
Determine conditions that result in a rank> n

Thank you!
carlam@math.jmu.edu
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