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Abstract

It recently has been shown that the observed noise amplitude of an intrinsically noisy system

may be reducedby causingthe underlying state to 
uctuate [J. M. G. Vilar and J. M. Rub��, Phys.

Rev. Lett. 86, 950 (2001)]. This paper extends the previous theory by considering the full power

spectrum of the output signal, interpreting noisereduction in terms of the low-frequencyend of the

spectrum as well as the integrated spectrum. While the former provides a measureof the variance

in the estimator of the mean at asymptotically long time scales,the latter provides the variance

of discretely sampled observations. Our treatment accounts for arbitrarily sized 
uctuations and

dealswith both continuous and discretely sampledobservations. We show that noisesuppression

is possibleif and only if the stationary averageof the intensity of state-dependent noisedecreases.

We apply our analysis to a an example involving saturable electrical conduction discussedin the

original paper by Vilar and Rub��.
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I. INTR ODUCTION

Although noiseis generallyconsidereda nuisance,its constructive propertieshavebecome

increasinglyclear in recent yearsas it plays essential roles in many fundamental processes,

particularly in biology. For example,biological motion by motor proteins requiresthe pres-

enceof thermal 
uctuations [1, 2]. Furthermore, the responseof sensorysystemscan be

enhancedthrough the interactions of noiseand a weak driving signal leading to stochastic

resonance[3{5]. Recently, another bene�cial aspect of noisehas cometo light: noisemay

be usedto reducenoise[6].

In their letter \Noise Suppressionby Noise" [6], Vilar and Rub�� consider the e�ect of

adding 
uctuations to the input of a system where the intrinsically noisy output signal

dependson the input signal. In particular, they proposea model where,for a steady input,

the rapid 
uctuations in the output signal due to intrinsic noiseare essentially white, with

an intensity that dependson the particular input signal. Assumingthat the autocorrelation

time of the noiseaddedat the input is short comparedto times of interest, the output signal

hasa spectrum that remainsessentially white over the low frequenciesof interest. Vilar and

Rub�� demonstratethat the spectral intensity of the output noiseat these low frequencies

canbe reducedby adding 
uctuations at the input of the system. They alsogive a su�cien t

condition for such a reduction when the added
uctuations at the input are kept su�cien tly

small.

In this paper, we provide a more complete mathematical basis for the phenomenonof

noisesuppression.In particular, we provide a framework for predicting the power spectral

density for arbitrary scalesof input 
uctuations. We also adapt the original model to

account for discretely sampledobservations. The overall 
uctuations in the output signal

naturally decoupleinto contributions arising from the intrinsic noiseaswell asthe changing

input. We take advantage of this decomposition to compute the spectral power from these

two contributions separately. A consequenceof this result is that noisesuppression,which

correspondsto a decreasein the spectral power of the signalat either speci�c frequenciesor

over a rangeof frequencies,will only occur if the averageintensity of intrinsic noisedecreases.

The article is organizedas follows. First, we provide a formal description of the model

describingthe input and output signalsand introducethe appropriatequantitativ e measures

of noise. Next, weconsiderthe power spectrum for the output signal,showing that it decom-
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posesinto a white component corresponding to the averageintensity of intrinsic noiseplus

the spectrum characterizing the output signal in the absenceof intrinsic noise. We further

demonstratean explicit approach to determining this pro�le using an eigenmode expansion

involving Hermite polynomials. Third, we discussthe possibility of noisesuppressionin the

context of this spectral decomposition. Subsequently, we apply the techniquesto oneof the

examplesoriginally provided by Vilar and Rub��. We concludeby commenting on the basic

mechanism required for noisesuppression.

I I. MODEL DESCRIPTION

The systemunder considerationessentially models an observed signal that is regulated

by an underlying state, X , which could represent either an unobserved, internal dynamic

variable or an external, controlled input signal. The output signal, Y, will be intrinsically

noisy in that there will be uncorrelated 
uctuations for every state of the input. We seek

a model that captures the following properties. First, the output signal relaxes rapidly

to an essentially stationary processthat dependson the current value of the input signal,

characterized by a mean signal level and by the intensity of the intrinsic, uncorrelated

noise. We idealize this relaxation by assumingthat Y instantaneously re
ects the current

state X . Second,the input signal will correspond to a stationary Gaussianprocesswhose

autocorrelation decays exponentially in time.

Let X t and Yt represent the value of the signals at the time t. The input signal X t

is modeled as a stationary, continuous Gaussianprocesswith mean x0, variance � 2, and

autocorrelation time � . For a �nite, arbitrary collection of times, t1 < t2 < � � � < tn , the

distribution of X t is characterizedby the density

�( t1; x1; t2; x2; : : : ; tn ; xn ) = � (x1; x0; � 2)
nY

l=2

� (x l ; � l ; � 2
l ); (1)

where the individual factors are expressedin terms of the densities of Gaussianrandom

variableswith means

� l = x0 + (x l � 1 � x0)e� (t l � t l � 1 )=� (2)

and variances

� 2
l = � 2(1 � e� 2(t l � t l � 1 )=� ) (3)
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through the parametrizeddensity for a Gaussianrandom variable with mean� and variance

� 2

� (x; �; � 2) =
1

p
2� � 2

exp
�

�
(x � � )2

2� 2

�
: (4)

The autocovarianceof X t is given by 
 X (u) as


 X (u) = heX t
eX t+ u i = � 2e�j uj=� ; (5)

where eX t = X t � x0 represents the centered state, and averagesare with respect to the

given distribution. This processis equivalent to the Ornstein-Uhlenbeck velocity process

[7], but with a shifted mean. For discretely sampled observations of the output, we de-

�ne observation times f tk = k� t; k � 0g in terms of the sampling interval � t, and for

notational simplicity write X k = X tk and Yk = Ytk . In this case,we naturally de�ne the

autocorrelation � = e� � t=� , and the sequencef X kg becomesa simpleautoregressive process

(often written AR(1)) with autocorrelation � and variance� 2 [8], which hasa corresponding

discreteautocovariancefunction 
 X ;� (p) for lag p as


 X ;� (p) = heX k
eX k+ pi = � 2� jpj: (6)

Setting � 2 = 0 corresponds to a constant input signal.

The observation processYt will bea function of the stateX t with additivestate-dependent

white noiseso that we write

Yt = H (X t ) + g(X t )� t : (7)

The process� t represents a standardcontinuous-timewhite noiseprocessthat is independent

of the input processX , having zeromean,h� t i = 0, and autocovariance

h� (t)� (s)i = � (t � s): (8)

The function H (X ) represents the meanoutput signalfor a givenstate X , while the function

g(X ) establishesthe intensity of output noisefor that state. If the state X remainsconstant

(� 2 = 0), then Y hasan autocovariancegiven by

h(Yt � H (X ))( Ys � H (X )) i = G(X )� (t � s); (9)

expressedin terms of the covariance intensity G(X ) = g2(X ). We remark that mathe-

matically, the continuous white noise process� t and consequently Yt are not well-de�ned
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stochastic processes,but in fact should be expressedas stochastic di�erentials [7]. The

white noise � t corresponds to the di�erential of a Wiener processand Yt corresponds to

the di�erential of a di�usion with state-dependent in�nitesimal drift H (X ) and variance

G(X ). Nevertheless,the formal expressionsgiven above will su�ce for this paper. In the

discretely sampledcase,we introducethe discretewhite-noiseprocessf " kg, an independent

and identically distributed sequenceof Gaussianrandom variableseach with zeromeanand

unit variance,which is independent of the state processf X kg, so that we may write

Yk = H (X k) + � (X k)" k : (10)

Weremark that the variance� 2(X ) arising the sampledcasemay or may not berelated to

an underlying continuousintensity G(X ). If we integrate the observation Yt over an interval

of duration � t which is short comparedto the autocorrelation time � , then X t remains

essentially unchangedover that interval and we may approximate
Z t+� t

t
Ys ds � H (X t )� t + G(X t )� W� t (11)

where � W� t is a Gaussianrandom variable with mean zero and variance � t. Dividing

both sidesof this by the interval duration � t, we averagethe signal. That is, the discretely

sampledsequencegeneratedby averagingthe continuous signal,

Yk =
1

� t

Z tk

tk � 1

Yt dt; (12)

would be well-approximated by

Yk � H (X k) + G(X k)
� W� t;k

� t
: (13)

In order for the variance of the noise term of this approximation to match the discretely

sampledmodel given in Eq. (10), we must have

� 2(X ) =
1

� t
G(X ): (14)

The essential property for associating the discretenoisevariancewith the continuous noise

intensity is that averaging the signal accumulates error over the entire interval � t at an

approximately constant rate G(X t ). If, however, the discrete observation results from a

single observation occurring at the end of the sampling interval, the intrinsic noiseresults

either from a brief accumulation of error related to the time to make the observation or
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elsefrom other sourcesof error. In both cases,the discrete scaleof noise � 2(X ) becomes

independent of the time between samples,� t, so that a relationship between � 2(X ) and

someG(X ) through Eq. (14) would not hold.

The asymptotic suppressionof noisediscussedin [6] refers to a decreasein the spectral

intensity at low frequencies.To be explicit, if 
 Y (u) represents the autocovariancefunction

for the observation signal Yt with lag u, then the power spectral density hY (! ) at the

frequency! can be expressedin terms of the Fourier transform of 
 Y (u)

hY (! ) =
1

2�

Z 1

�1

 Y (u) e� i! u du (15)

asguaranteedby the Wiener-Khintchine theorem[8]. When � 2 = 0, the input state doesnot


uctuate, and the spectral density hasa constant level of G(x0)=2� . When � 2 > 0, the shape

of the spectrum changes.As we show later, for reasonablefunctions, H , the spectral density

will be smooth, so that at su�cien tly low frequencies,corresponding to asymptotically long

time scales,the spectral density will be approximately constant at the level

hY (0) =
1

2�

Z 1

�1

 Y (u) du: (16)

De�ning the meansignalH0 = hYt i and the asymptotic intensity of noiseG0 = 2� hY (0), the

processYt is approximately equivalent (at large time scalesand in distribution) to a second

processbYt that is independent of the 
uctuating input state and given by

bY(t) = H0 +
p

G0
b� t ; (17)

where b� t is another continuous-time white noiseprocessindependent of � t . In this speci�c

sense,noise is suppressedif G0 < G(x0) since the approximating process bYt has smaller

intensity noisethan Yt would have had if � 2 = 0. Vilar and Rub�� [6] provide a perturbation

expansionof the integrated scaleof noise which provides a su�cien t condition for noise

suppressionthat G00(x0) < 0 so long as � 2 and � are su�cien tly small, although they also

provide somenumerical examplesdemonstrating that this persists for larger values of � 2

but still with a small autocorrelation time � � 1.

I I I. SPECTRAL DECOMPOSITION

We now broadenthe discussionand considerthe completepower spectrum of the obser-

vation process.In order to characterizethe spectrum of the output signal, we �rst needto
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describe preciselythe autocovarianceof Y . Becauseh� t i = 0 is independent of X t , the mean

signal H0 is simply the stationary averageof H (X t ),

H0 = hYt i = hH (X t )i

=
Z 1

�1
H (x)� (x; x0; � 2) dx: (18)

The centered output signal eYt = Yt � H0 determinesthe autocovarianceof the signal,


 Y (u) = heYt
eYt+ u i : (19)

By writing eH (x) = H (x) � H0, we canexplicitly seethe contributions arising from the white

noiseand from the 
uctuations in the input,


 Y (u) = h( eH (X t ) + g(X t )� t )( eH (X t+ u) + g(X t+ u)� t+ u)i (20)

= heH (X t ) eH (X t+ u)i + hG(X t )i � (u); (21)

wherewe againusethe assumptionthat � t is independent of the input X . Thus, the autoco-

variancedecomposesinto two terms. The �rst term characterizesthe correlatedvariabilit y

in the output signal arising from the autocorrelated input signal. The secondterm charac-

terizes the averageuncorrelated 
uctuations due to the intrinsic white noise. By linearity

of the Fourier transform, the power spectrum must alsodecomposeinto two contributions,

hY (! ) = hH (! ) +
1

2�
hG(X t )i ; (22)

the sum of the spectral density of the stationary process eH (X t ), given by hH (! ), and the

constant spectral density given by the averageintensity of the white noise,hG(X t )i .

We now turn to an analytic approach to determine the power spectral density hH (! ).

The Ornstein-Uhlenbeck processthat governs the input signal is a Markov process,so we

may considerthe transition semigroupTt on functions of X de�ned by

Tt [f ](x) = hf (X t )i x (23)

=
Z 1

�1
f (y)k(y; x; t)dy; (24)

where the averagein the �rst equality is conditioned on the processstarting at X 0 = x

and where k(y; x; t) is the transition probability density for X t = y given X 0 = x. The
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transition kernel k(y; x; t) is the Gaussiandensity with meanx0 + (x � x0)e� t=� and variance

� 2(1 � e� 2t=� ). The autocovariance
 H (u) can be expressedin terms of the semigroupas


 H (u) = heH (X t )Tu[ eH ](X t )i : (25)

The semigroupoperator can also be expressedin terms of its in�nitesimal generatorL as

Tt = etL , whereL is de�ned as the di�erential operator

L [f ](x) =
1
�

[� (x � x0)f 0(x) + � 2f 00(x)]; (26)

which governs the Kolmogorov backward, or adjoint, equation for the Ornstein-Uhlenbeck

di�usion process[7]. If we de�ne the inner product between functions f 1 and f 2 as the

integral of the product with respect to the stationary probability measure,

hf 1; f 2i = hf 1(X t )f 2(X t )i

=
Z 1

�1
f 1(x)f 2(x)� (x; x0; � 2)dx; (27)

then L is a self-adjoint operator in the Hilbert spacede�ned by this inner product.

We expandthe function eH in terms of the eigenfunctionsof L . Eigenfunctionsf � (x) with

eigenvalue � will be determinedfrom the equation

L [f � ](x) = �f � (x) (28)

which can be rewritten as

� (x � x0)f 0
� (x) + � 2f 00

� (x) = � �f � (x): (29)

If we shift and rescalespaceusing the substitution z(x) = (x � x0)=
p

2� 2, the eigenvalue

equation becomes

f 00
� (z) � 2zf 0

� (z) � 2� �f � (z) = 0; (30)

which is well-known to have as solutions the Hermite polynomials, f � (x) = Hn (z(x)), pro-

vided � = � n=� for integer valuesof n � 0 [9]. The functions Hn are orthogonal,

hHn( eX t=
p

2� 2)Hm ( eX t=
p

2� 2)i = � n;m 2nn!; (31)

and form a completebasisfor the Hilbert space[9]. So for a square-integrable function eH

(i.e. heH 2(X t )i < 1 ), we createthe Hermite expansion

eH (x) =
1X

n=1

cnp
2nn!

Hn (
x � x0p

2� 2
); (32)
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starting the sum at n = 1 becauseheH (X t )i = 0. The coe�cien ts are determined in the

standard way by computing the inner product

cn =
1

p
2nn!

heH (X t )Hn ( eX t=
p

2� 2)i : (33)

We emphasizethat the coe�cien ts actually dependon � 2, asthe Hermite expansionchanges

when � 2 changes.In terms of the rescaledvariable z, we have x = x0 +
p

2� 2 z so that

cn =
1

p
2nn!

Z 1

�1

eH (x0 +
p

2� 2 z)Hn (z)� (z; 0; 1) dz; (34)

so that from this perspective, changing � fundamentally changesthe function for which we

�nd the expansion.The varianceof eH (X t ) canbesimply expressedasthe sumof the squares

of the coe�cien ts f cn : n � 1g,

heH 2(X t )i =
1X

n=1

c2
n : (35)

We are now in a position to compute the autocovarianceand hencethe power spectrum.

Using the orthogonality property and the diagonalaction of the semigroupoperator on the

eigenfunctions,

Tu[Hn (
x � x0p

2� 2
)] = e� nu=� Hn (

x � x0p
2� 2

); (36)

we �nd that the autocovarianceof eH (X t ) is


 H (u) =
1X

n=1

c2
ne� nu=� : (37)

Taking the Fourier transform, we determinethe power spectrum hH (! ) as

hH (! ) =
1

2�

1X

n=1

c2
n

2� n
n2 + (� ! )2

; (38)

which can further be represented in terms of the spectral pro�le

bhH (! ) =
1

2�

1X

n=1

c2
n

n
n2 + ! 2

(39)

through the rescaling

hH (! ) = 2� bhH (� ! ): (40)

The power spectrum for the discretelysampledobservation processcanbe similarly com-

puted. The autocovarianceof the discretely sampledobservation sequence
 Y;� (p) decom-

posesinto


 Y;� (p) = 
 H ;� (p) + h� 2(X k)i � p;0; (41)
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analogousto the decomposition for the continuous time process. So we again focus on

determining the autocovarianceand spectrum for the sequenceeH (X k). Knowing the auto-

correlation coe�cien t � and the sampling interval � t (or setting � t = 1 if unknown), we

can determine the corresponding autocorrelation time � = � � t= ln � so that the discrete

autocovariancefunction for eH (X k) will be given by


 H ;� (p) = 
 H (p� t) (42)

=
1X

n=1

c2
ne� njpj� t=� (43)

=
1X

n=1

c2
n � njpj: (44)

We compute the power spectral density hY;� (! ) over the frequencies! 2 (� � =� t; � =� t) as

the Fourier series

hY;� (! ) =
� t
2�

1X

p= �1


 Y;� (p)e� i! p� t ; (45)

which will decomposeinto the spectrum for eH (X k) plus a white-noisecomponent,

hY;� (! ) = hH ;� (! ) +
� t
2�

h� 2(X k)i : (46)

Outsideof the interval, (� � =� t; � =� t), the spectral densitiesvanishes.The spectral density

coming from eH (X k) can then be written

hH ;� (! ) =
� t
2�

1X

n=1

c2
n

1 � � 2n

1 + � 2n � 2� n cos! � t
: (47)

For the casethat the sampleddata arisefrom the continuousmodel, � is de�ned in terms of

the autocorrelation time � and the sampling interval � t as � = e� � t=� so that, in the limit

as � t ! 0, the spectrum for the sampledobservations, Eq. (47), recovers the spectrum for

the continuoussignal, Eq. (38).

IV. NOISE SUPPRESSION

With the spectrum in hand, we return to the question of noisesuppression. First, we

considerthe asymptotic noiselevel G0 originally consideredby Vilar and Rub��. Recall that

G0 corresponds to the intensity of white noisethat that gives the samespectral density as
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Yt for asymptotically small frequencies.This intensity can be explicitly written

G0 = 2� hY (0) = 2�
1X

n=1

c2
n

n
+ hG(X t )i : (48)

The decomposition clearly shows that a necessarycondition for noise suppressionin this

sense,G0 < G(x0) is that the averageintensity of white noisedecrease,

hG(X t )i < G(x0); (49)

sincethe e�ect of the 
uctuating signal coming from hH (0) raisesthe spectral density even

higher. In fact, if we add the constraint on the autocorrelation time

� <
G(x0) � hG(X t )i

2
P 1

n=1 c2
n=n

; (50)

we have a necessaryand su�cien t condition for noisesuppression.We stressthat a �xed

value of � is implicit in this statement, sinceboth hG(X t )i and the coe�cien ts cn depend

on � .

In a similar way, we might considera random sequencef bYkg which is independent of the

state X , given by the analogof Eq. (17),

bYk = H0 + � 0b" k ; (51)

whereb" k is a white noisesequence.Such a sequencewill have white power spectrum which

will correspond to the spectral density of f Ykg at low frequencies,hY;� (0), if � 2
0 is de�ned

as

� 2
0 =

1X

n=1

c2
n

1 + � n

1 � � n
+ h� 2(X k)i : (52)

Noisesuppressionin this asymptotic sensewill occur when the stationary averagevariance

of the intrinsic noisedecreases,h� 2(X k)i < � 2(x0), analogousto the su�cien t condition for

the continuous case.The sequenceof factors f 1+ � n

1� � n : n = 1; 2; : : :g is a decreasingsequence

converging to 1 so that we actually obtain boundson � 2
0 in terms of the varianceheH (X k)i

and the averagevarianceh� 2(X k)i as,

heH 2(X k)i + h� 2(X k)i < � 2
0 <

1 + �
1 � �

heH 2(X k)i + h� 2(X k)i ; (53)

which actually avoids the explicit computation of the coe�cien ts f cng. Consequently, we

obtain the stronger necessarycondition that the sum of the averagevariance of the white
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noiseh� 2(X k)i and the stationary variance of the signal H (X k) must be lessthan � 2(x0).

We alsoobtain the su�cien t condition that

1 + �
1 � �

heH 2(X k)i + h� 2(X k)i < � 2(x0): (54)

Becausewe actually have accessto the completespectral densities(continuous or sam-

pled), we may considera broader view of noisesuppression,namely a decreasein the in-

tegrated spectral power over a bandwidth of frequencies. When the input signal is held

constant (� 2 = 0), the power spectrum for the continuous observation processYt will be


at with density G(x0)=2� . When the input signal is allowed to 
uctuate (� 2 > 0), the

spectrum adjusts to include the spectral density hH (! ) in addition to the already existing

white component corresponding to intrinsic noise. Becausethe intensity of the intrinsic

noise is now averagedover the stationary distribution of X t , the white component of the

spectrum shifts to the level hG(X t )i =2� , which becomesa baselinefor the spectral power at

all frequencies.Let I = (! a; ! b) represent the spectral interval under consideration. When

Eq. (49) holds and the baselinehasdecreased,the integrated spectral power on the interval

I will decreaseif Z ! b

! a

hH (! ) d! <
G(x0) � hG(X t )i

2�
(! b � ! a): (55)

SincehH (! ) # 0 as j! j ! 1 , we will always be able to �nd a frequencyinterval (at least

at high frequencies)wherethe integrated spectral power hasdecreasedwhenever the white

spectral component hasdecreased.If we integrate the spectral density hH (! ) over the entire

real line, we recover the varianceof H (X t ),
Z 1

�1
hH (! ) d! = 
 H (0) = heH 2(X t )i ; (56)

sincethis amounts to computing the inverseFourier integral for u = 0. Thus, the integrated

contribution from hH (! ) over any interval will always be lessthan the varianceheH 2(X t )i .

If we considerthe symmetric frequencyinterval (� ! a; ! a), the integrated spectral density

on this interval must decreaseso long as

! a > �
heH 2(X t )i

G(x0) � hG(X t )i
: (57)

This is true even if the originally consideredasymptotic noisehas increased,G0 > G(x0),

which simply indicates that the spectral density begins above the original white spectral

density and then falls below that level at higher frequencies.Note that if G0 < G(x0), then
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the entire spectral density is below the original spectral density and thus the integrated

spectral power will show a decreaseover every interval.

For discretely sampled observations, we can similarly consider the integrated spectral

power. A signi�cant di�erence between the continuous and the sampled cases,however,

is that the power spectrum for the sampledobservation is de�ned on a compact interval

while the spectrum for the continuous output signal has in�nite support. Consequently,

the spectral density hH ;� (! ) will not vanish on this support so that we may not be able

to �nd a frequencyinterval where the integrated spectral power has decreasedeven if the

white spectral component has decreased,particularly when � is large. On the other hand,

although the total power for the continuous processwill be in�nite, the total power for

sampledobservations is �nite and given by
Z � =� t

� � =� t
hY;� (! )! = heH 2(X k)i + h� 2(X k)i ; (58)

the sum of the varianceof H (X k) and the averagevarianceof the addedwhite noise. That

is, the total spectral power is preciselyequal to the varianceof the output sequence.Thus,

if

heH 2(X k)i + h� 2(X k)i < � 2(x0); (59)

we would observe a decreasein the variance of the signal, which might be visualized as a

narrowing of a histogram of observed values.

We remark in passing that the asymptotic noise levels G0 and � 2
0 also have a well-

establishednon-spectral interpretation. If we were to estimate the meanoutput signal H 0

usingour observations, then G0 would correspond to an asymptotic varianceof that estimate

basedon continuous observations while � 2
0 would correspond to an asymptotic varianceof

the estimate basedon sampledobservations [8], such as one might compute using Markov

chain Monte Carlo algorithms [10]. In particular, if we de�ne the continuous and discrete

samplemeans,respectively, as

Y T =
1
T

Z T

0
Yt dt; Y N =

1
N

n� 1X

k=0

Yk ; (60)

then the varianceof theseestimatorswill asymptotically decreaseas

Var[Y T ] �
G0

T
; Var[Y N ] �

� 2
0

N
; (61)

as T ! 1 and N ! 1 , respectively.
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FIG. 1: The averageintensity of intrinsic white noise,hG(Vt )i , for various mean input signals(v0)

in the absenceof state 
uctuations (� = 0) and for two levels of state 
uctuations (� = 1, � = 2).

Units are arbitrary .

V. EXAMPLE

Wedemonstratetheseprinciplesusingan exampleproposedin [6] of a model for electrical

conduction which displays saturation [11, 12]. The state X = V corresponds to an input

voltage. The observed current intensity hasa meancharacterizedby the function

H (V) =
V

R(1 + V 2)1=2
; (62)

and the intensity of the noiseis characterizedby

G(V) =
Q

(1 + V 2)1=2
; (63)

where R and Q are constants. To conform to standard notation, we useV rather than X

for this discussion.The parametersR and Q set the observation scaleand the time scale,

so that by rescalingthe variablesY and t we may assumethat R = 1 and Q = 1.

We �rst considerthe e�ect of input 
uctuations on the averageintensity of the intrinsic

output noise,hG(Vt )i . Figure 1 plots the averageintrinsic output noiseintensity hG(Vt )i asa

function of the meaninput signal v0 for two non-zerolevelsof input 
uctuations (� = 1 and

� = 2) aswell asthe original intensity of intrinsic noise(� = 0), which simply correspondsto

plotting G(v0). Averagingthe intensity of intrinsic noise
attens and broadensthe intensity

pro�le as� increases,sothat the intensity pro�le completelyvanishesin the limit as� ! 1 .

Whenever the intensity pro�le lies below the original intensity pro�le (� = 0), the baseline

level of the output signal power spectrum is decreasedso that output noise is suppressed
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FIG. 2: The averageintensity of intrinsic white noise, hG(Vt )i , as a function of the size of input


uctuations (� ) for three valuesof the mean input signal (v0 = 0, v0 = 1=
p

2 and v0 = 1:5). Units

are arbitrary .

beyond somespectral frequency. Figure 2 shows the averageintrinsic output noiseintensity

hG(Vt )i for �xed meaninput signalsv0 asthe sizeof the input signal 
uctuations � increases.

For small valuesof � , the behavior of hG(Vt )i is completelydeterminedby G00(v0) using the

perturbative approximation given by [6] that

hG(Vt )i � G(v0) +
1
2

� 2G00(v0); (64)

so that concavit y initially determineswhether the averagenoise intensity increasesor de-

creases.When v0 < 1=
p

2, the function G is concave down so that the averageintensity

initially decreases.Due to the speci�c exampleunder consideration,this behavior continues

for larger valuesof � , so that the baselineof the power spectrum continually lowers. When

v0 > 1=
p

2, G is concave up so that the averageintensity initially increasesas the station-

ary distribution samplesstates (near V = 0) where the noise intensity is high. However,

as � continues to increase,the stationary distribution samplesmore extreme states where

the intensity becomesasymptotically small. Consequently, the averageintensity eventually

decreases.Thus, although concavit y determineswhether the white component of the spec-

trum increasesor decreasesfor small valuesof � , it becomesirrelevant for predicting noise

suppressionfor larger valuesof � . The meaninput level v0 = 1=
p

2 correspondsto the point

where G00(v0) = 0, so that the fourth-order derivative, which is negative, determinesthat

the averagenoiseinitially decreasesproportionally to � 4.

We next considerthe power spectrum under conditions wherenoisesuppressionis possi-

ble, namely hG(Vt )i < G(v0). Figure 3 plots typical power spectral densitiescorresponding
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FIG. 3: The power spectral intensity 2� hY (! ) as a function of spectral frequency (! ) for a mean

input signal v0 = 0 and input 
uctuations of size� = 1 where the input signal has autocorrelation

time � = 0:5, � = 0:25, and in the limit � # 0. The referencewhite spectral density in the absence

of input 
uctuations is shown with a dotted line (G(0) = 1). Units are arbitrary .

to v0 = 0 and � = 1. When the autocorrelation time for the input 
uctuations is too large

(e.g. � = 0:5), part of the spectral density is larger than the initial 
at intensity at G(0) = 1.

However, for su�cien tly large frequencies! , the spectral intensity decreasesand approaches

the new baselinehG(Vt )i < G(v0), so that over su�cien tly large spectral bandwidths, the

integrated spectral power will decreasefor any arbitrary autocorrelation time � . But when

the autocorrelation time is su�cien tly small, the spectral intensity lowers and widens ac-

cording to the scalingin Eq. (40) until it is uniformly smaller than the initial intensity (e.g.

� = 0:25). The peak spectral intensity at ! = 0 corresponds to the integrated scaleG0.

For thoseconditions where the averageintensity of the intrinsic output noisedecreases,

the inequality of Eq. (50) determinesa maximum autocorrelation time so that G0 < G(v0).

Recall that the suppressionof the asymptotic scaleof noiseG0 is equivalent to the power

spectrum of the output noise lying completely below the original white spectrum in the

absenceof input 
uctuations. In Fig. 3, this maximum time would correspond to that time

� where the spectral density is tangent to the original spectral density at ! = 0. Figure

4 provides a contour plot of this maximum autocorrelation time as a function of v0 and � .

The heavy contour line for � = 0 separatesthe region where noisesuppressionis possible

from the regionwherenoiseinvariably increases.We seethat in this examplethe maximum

autocorrelation time increasesas the input 
uctuations increase. Two factors make this

possible. First, as the 
uctuations � 2 increase,the averageintensity of the intrinsic noise
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FIG. 4: A contour graph showing the largest possible autocorrelation time for the input 
uc-

tuations, � , as a function of mean input signal v0 and input 
uctuation size � such that noise is

suppressed,G0 < G(v0), ascalculated in Eq. (50). Solid contours represent increments of � � = 0:1,

dashedcontours represent increments of � � = 0:05, and the coutour for � = 0 is shown in bold.

Units are arbitrary .

hG(Vt )i decreasesto zero. Second,the variation in the meanoutput signal H (Vt ) increases

as � 2 increases.However, sinceH (Vt ) is boundedbetween+1 and � 1, added 
uctuations

at the input lead to smaller and smaller increasesin the variation of H (Vt ). Consequently,

for a given meaninput v0, the maximum autocorrelation time will be bounded. Considering

the other direction, as � # 0, the maximum autocorrelation time is determined from the

previousperturbation results [6] to be

� = �
G00(v0)

4H 0(v0)2
; (65)

so long as the condition G00(v0) < 0 holds.

VI. CONCLUSION

In this article, we have considerednoisesuppressionin the context of the power spectrum

of an intrinsically noisy output signal for a system in which the correlations at the input

decay exponentially . Becausethe intrinsic noiseat the output dependson the input signal

only in terms of the intensity, the autocovariance for the output signal and therefore the

power spectrum both undergo a simple decomposition. This decomposition shows that
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the spectrum has a contribution arising from the average intensity of the intrinsic noise

plus a component corresponding to the variation arising from the 
uctuating signal itself.

Consequently, noisesuppressionis possibleonly when the averageintensity of the intrinsic

noisedecreases.That is, the increased
uctuations in the input signalmust causethe system

to visit more frequently those states where the intrinsic noisehas low intensity such that

the ergodic averageof the intensity decreases.

Mathematically, the ergodicity of the input signal, rather than somenonlinearity in the

system,plays the fundamental role in noisesuppression.That is, accordingto the theory,

there must be someinput stateswherethe intrinsic output noiseis decreased.As the input

signal samplesits available phasespace,it is driven into theselow-noisestates su�cien tly

often that the averageintensity of noisedecreasesrelative to an input signal constrainedto

a smallerphasespace.In fact, the only strictly linear noiseintensity pro�le G(X ) would be

a constant, G(X ) = G, sinceany nonzeroslope would lead to negative intensities for some

attainable state X . Nor, aswe have shown, doesconcavit y determinethe existenceof noise

suppressionexcept for su�cien tly small 
uctuations.
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